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1 Rotation: definition and meaning

The definition of rotation of vector field u(r) is given by

roou = Vxu (1)
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Tn the vector analysis the meaning of "rot” is hard to understand, but S. Naganuma gave us a
method to understand the meaning of rotation in his book (Intuitive method for phycal mathemat-
ics(Japanese) )

The rotational velocity of the infinitesimal water wheel in water flow field u. The water flow of
the right side of the wheel in the upper direction w, is faster than the left side (Ou,/0x > 0), the
wheel rotates in the anticlockwise direction. In the same way the water flow of the upper side of the
wheel in the right direction u, is slower than the lower side (Qu,/0Jy < 0) the wheel rotates in the
anticlockwise direction. Then Ou,/0x — Ou,/0y[= (rotu).] contribute the anti. If the wheel rotates
the anticlockwise direction the (rotu), has positive value. (rotu), and (rotu), can define in the same
way.
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Figure 1: Naganuma’s explanation of rotu

2 Stokes theorem

As shown in Fig. 2 for a general vector field V(r), Stokes theorem gives

]{ V.dr = (1) + (ID) + (III) + (IV)
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= Vi(xo,yo)dx + Vy(xo + dx, yo)dy + Va(xo, yo + dy)(—dz) + Vy(x0, yo)(—dy)
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Figure 2: Stokes theorem

If we sum-up the line integral as shown in Fig.2, the integral of the neighboring contour cancels
out and the contour C only survives, then we have

V.dr = /rotV-dS (4)
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Figure 3: Integral of line and surface integral:Stokes theorem

3 Boundary Conditions at a Interface Between Different Media

Now we think a interface which is at the boundary medium 1 and 2 as shown in Fig.3. From Gauss
law, we can get the following for the Gauss box which include the interface inside the box,

/drV~D:/D-dS (5)
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In the limit that the Gauss box is very thin (6h — 0)

/V dI‘p = Qbox =n- [Dl - DQ]S (6)



where vector n means the surface normal unit vector pointing from media 2 to 1.

n-[D; —Dy] = Qpox/S = 012

where 012 means the interface charge density. From V-B =0
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Figure 4: Gauss and Stokes box

From rotE = —9B/0t and Stokes theorem we can get
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Here b is the unit vector defined by b =n x t. From rotH = J 4+ 0D /0t

t [H - H)] = J,

4 Rotation in orthogonal

In the curvlinear coordinate

If we set

%H-dr = /rotH-dS
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[= surface current density(Am™1)]

curvlinear coordinates

q {1, 92,43}
q {z,y,z} : Cartesian coordinates
q = {r,0,z} : cylindircal coordinates
q = {r,0,¢} : spherical coordinates
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The distance ds between the two infinitesimal points is given by ”metric”

ds®* = da® +dy* +d2* = Zgijdqidqj
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For orthogonal curvlinear coordinates such as cylindrical and spherical coordinates
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0, for i#j

(o) + (0 = (5)

dq; 0q; 0q;

g11dqidgr + g20dgadgs + gs3dgsdgs = dsi + ds3 + ds3
Vaiidgqr = hidg

V/922dq2 = hadgs

V/933dgs = h3dgs

cylindrical coordinates : x =rcosf,y =rsinf,z =z
Jrdx Oydy 0z0z
ordr  Orodr Oror
or0c  Oydy | 0:0:
ordf  0orod Ordb
Oordx Oydy 0z0z
ordz 0rdz Ordz
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=cos?f0+sin?0+0=1, h1 =1

= cosf(—rsinf) + sinf(rcosf) +0 =0
=0+0+0=0

= (—rsinf)cosf +rcosfsinf +0 =0

= (—rsin®)? + (rcos0)* +0 = r?, ho=r
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spherical coordinates: 1z =rsinfcos¢,y = rsinfsin¢,z = rcosf
Ordxr Oydy 0z0z
ordr  Ordr  Oror
ox0r  0yoy | 0:0:
ordf  ordd  Ordl
Oz dx  Oydy 020z

= sin% 0 cos® ¢ + sin? Osin? ¢ + cos? § = 1,
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= sin 6 cos ¢(r cos 0 cos ¢) + sin O sin ¢(r cos fsin ¢) + cos f(—rsinf) = 0

+ — — =sinf cos ¢(—rsinfsin @) + sinf sin ¢(rsinf cos p) + 0 = 0
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=g12=0

= (rcosfcos¢)? + (rcosfsing)® + (—rsin)?> =12,  hy=7r  (39)

+ — — =rcosfcosp(—rsinfhsin @) + rcosfsin ¢(rsinfcosp) +0 =10

96006 9606 T 9009
Ordr Oydy 0z0z
asor “ogor Tagor T
Ordr Oydy 0z0z
9600 " 000 “apo0 "

4



_ 0z0z Oydy 020z
BT 9606 " 0606 9600

The differential distance vector dr and the unit vector e; may be given

3
dr = hidgier + hadges + hadgzes = > higie; (41)
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;= —— 42
© h; 9 (42)

Here we only consider orthogonal curvlinear coordinates such as cylindrical coordinate and spher-
ical coordinates.

4.1 gradient

The gradient can be defined by the sum of the product of the slope (rate of change) and the unit
vector in the i-direction. The slope can be written as
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Then the gradient in the orthogonal curvlinear coordinates
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In the cartesian coordinates,
a = {z,y,2}, r=(z,y,2) (48)
hi o= 1, g:; (1,0,0), ey =(1,0,0) =i (49)
Jr .
hy = 1, = (0,1,0), e, =(0,1,0) =] (50)
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hy = 1L 5o =(0.0,1), e =(0,01)=k (51)
0 0 0
df = =li=—+j=— +k=— 2
madf = Vf= (15 40y +1g) 1 (52)
In the cylindrical coordinates,
q = {r0,z}, r=(z,y,2) = (rcosf,rsinb, z) (53)
0
8—; = (cosf,sin®,0), h; = ‘81‘ =y/cos20 +sin?f =1, e; = (cosb,sinb,0) (54)
81' . 81‘ .9 .
% = (—rsinf,rcosh,0), hg = 20| = ry/cos?f +sin“ 0 =r, ey = (—sinh, cosf,0)55)
Or or
5. = (0.01), hy=|" =1 e3=(0,0,1) (56)
0 10 0
grad, g .f = Vig.= ( 15, —i—egf%%- 39, )f (57)
In the spherical coordinates,
q = {r0,¢}, r=(zr,y,z) = (rsinfcos@,rsinfsin@,rcosf) (58)

= (—rsin@sin ) + (rsinfcos $)? +0 = r?sin®@,  hg = rsinf (40)
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Figure 5:
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4.2 divergence

(60)

= r\/sin2 0 sin? ¢ + sin® @ cos2 ¢ = rsin b,

(61)
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We will consider the flux vector J in Fig.3. The mass balance of the flow-in and flow-out in the J;

direction can be obtained if we consider the flow-out area also depends on q; 2

(9(J1d82d83)
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In the same way we have the total amount for the volume element dsjdsadss
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In the same way as the divergence in z,y, z-coordinate, the divergence is given by the divide of

the unit volume

. 1 O(J1hoh O(Johsh O(Jshih
divI(q1,q2,q3) = V- -J(q1,q2,q3) = o1 dssds [ ( ;Qf 3) + ( ng 1 + ( ?)q; 2) dq1dg2d@d)
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2The expansion may be done by s; but the differentiation should be done by ¢;. So the approximation is used here.



In the cartesian coordinate

q
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divI(z,y, 2)

In the cylindrical coordinates

In the spherical coordinates

divyp g = Vyg.s-J

4.3 Laplacian
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We also get Laplacian V? when we use

J(q1, 92, 43)
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The Laplacian is very important in physical chemistry.
(a) For the diffusion equation

(b) For the wave equation
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In the cylindrical coordinates

q = {r0,z}
hl = 1, hQ—T‘ h3:1
of 10f 0 of
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BTNy T
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In the spherical coordinates

q = (7“ 0 ¢) (83)
hi = o=r, h3 —rsmﬁ (84)
0 0 (rsinfof r Of )}
2 _ “ - — 85
Val r2 sm@ [8 (T sinf5 ) * 00 ( r ) * 9 1J0) (rsinH 1J0) (85)
10 1 of 1 0%f
T 20r ( 8r>+r2sm089 (Sm980>+r231n20(‘%¢2 (86)
20f 02 1 9 6 0 1 o
= ,7f+7£+727£ E&*f 72% (87)
ror Or 00 r?2sinf 00  r?sin® 0 0¢
4.4 rotation
1
dsa — had 111 3
S3 = N3aqs
2
Figure 6: differential surface element in the curvlinear surface q; = constant.
We will apply the Stokes theorem
/rotJ~dS 7{ J-r (88)
S C
For the component ¢; direction (as shown in Fig.4.4) the Stokes theorem tells us
/(rotJ)l(dS)l = (rOtJ)1d52d83 = (rOtJ)1h2h3dQQdQ3 (89)
S
0(Jsh d(J2h
j{ J-r = Johodg + (J3h3dqg + (s 3)dQ2dQ3) — (J2h2dQ2 + G Q)dQSd(D) —J3h3dgs
C N~—— 8q2 3Q3 ——
path I path IV
path 1II path III
0(Jshs) 8(J2h2)
= ———dgedqs — ——=dqgodq3 90
o0 903 (90)
1 [9(J3hs) 8(J2h2)]
rotJ = — 91
(ot )y hahs [ 9q2 9q3 o1



rotJ = VgxJ (92)

hie; hoey hzes

1 I R I (93)
- hyhshs oq1 0q2 Jq3
Jihi  Joha  J3hg

1 {a(,fghg) B 8(J2h2)]

hahs | Ogo Jqs3
1 [9(Jih) 3(J3h3)}
+e -
? hahy { Jqs3 oq1
1 [9(J2h9) 8(J1h1)}
+e — 94
*hihy { oq1 0q2 &Y
In the cartesian coordinates,
q = {xvyaz}a r= ('T’yv Z) (95)
hl = 1,81 = (1,0,0)21 (96)
h2 = 1,62: (0,1,0):j (97)
hg = 1763 = (0,0, 1) =k (98)
oJ, dJ oJ, 0J oJ, 0J
t _ s z Udy . r z k Ody :p)
rotJ vxd 1<8y 8z)+‘]<8z &L‘)jL <0:L‘ oy (99)
In the cylindrical coordinates,
q = {r6z}, r=(x,y,z) = (rcosb,rsinb,z) (100)
hi = 1, e; = (cosb,sinb,0) (101)
he = r, ey=(—sinf,cosh,0) (102)
hy = 1, e3=(0,0,1) (103)
1 /0J, O(rdy) oJ, 0J, 1 /0(rdy) 8Jr)
tJ = =e1— - — - - 104
rot] = Vo d 817"(89 R >+e (az 6r>+€37“< o a0) 10
In the spherical coordinates
qa = {r0,¢}, r=(r,y,2) = (rsinfcos¢,rsinfsin ¢, r cosh) (105)
hy = 1, €1 = (sinf cos ¢, sin O sin ¢, cos 0) (106)
ho = r, ey = (cos 6 cos ¢, cos 0 sin ¢, — sin 0) (107)
hs = rsinf, es3 = (—sing,cos¢,0) (108)
rotJ = VxJ
1 (8(7‘ sin@.Jy) 8(TJ9)> 1 <8Jr J(rsin 9J¢)> 1 <8(7"J9) 8Jr>
= e1—5— - €2 B tes oy B
r2sin 6 00 1)) rsinf \ 0¢ or r2sin 6 or 00
(109)



