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1 definition of grad

The gradient of the scalar function ¢(r) is defined by

graddé = Vo) = 157 +35° + k3 )
(3) uphill
- contour
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Figure 1: Gradient of the scalar function ¢ in 2D case. The red vector is the unit vector i(x-axis) and
the blue vector is the unit vector j(y-axis). The z — y axis is rotated by (1) 0, (2) 30, (3) 45, (4) 60,
and (5) 90 degree in the clockwise direction, respectively.

In(),czs—l—x Vo = =i In (2), ¢ = 1 - Lo —1y Vo = —Li_1j In(3), ¢ =

1-Jo—Jd5y, Vo = —Fi-J5j. In (), 6= 1- o=y, Vo= 4B Tn (5), 6= 14, V6 =
These all show the minus of the direction of the gradient is in the steepest descent one.

Now we define that the line from r to r + dc is along the contour line(2D) or hypersurface (3D),
then

a6 = o+ de) — o(r) = 0 &)
a6 = o) + e~ o(r)
= V¢-dc=0 (3)

Then we showed that the gradient direction is normal to the contour line, i.e. the steepest descent
direction.
Next we define that the line from r to r + ds is along the steepest descent direction,

A6 = o(r+ds) — o) (@
= ¢(r)+ %ds — ¢(r)
= V¢ ds=|Vo|ds (5)
W = vl (©

Then we showed the slope in the steepest descent direction is given by grad¢. The norm of the gradient

is given by - - -
sl = (32) + (55 + () v
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2 vector field and potential

Now we consider the electric field. The point-charge with charge ¢ is moved in the electric filed E(r).
The force F(r) which act on the point-charge from the field is given by F(r) = ¢E(r), The energy
difference from point O to P is

U0 —P) — —/OPF-ds:—q/OPE-ds (8)

Here ds is taken along the contour form O to P. The potential ¢ is defined by

o(p)—o0)= O =~ [Th s )
IfPisat r+dsand Oisatr
S(r+ds) — o(r) = Cclld)ds —Vo-ds— —B-ds (10)
Then we have
E — -Vo (11)

This means the electric field is along the steepest-descent direction of potential.
If we remind that V - E = p/(epe), we have Poisson equation

div(—grad¢) = 60% (12)
2 - P
v = L (13)

3 1D problem of Poisson equation

When we know the charge density p(z) and p(—o0) = dp(—o0)/dz = 0, we can calculate the potential
¢(2)
1 z / / /
o) = —— [ (= () (14)
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This equation satisfy the Poisson equation, because

_ 1 ? N 1 /z 1IN
6(z) — Eoez/_oo p(d + [ Zp()dz (15)
d L, 1 N
@ _ _L ) — — 2 p(z) = —— d |
7 " 7000(2) z 6062,0(2)+ Eoezﬂ(z) vl p(z)dz (16)
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Here we used

T = 0 [ = TIRG) - Ri=0)] = ple) — p(—o0) = p(2) (18)
dQ d d

= wp), o [ = LI - Qo)) = 2p(z) ~ (~o0)p(~50) = 2p(2) (19

dz
In the same way when we know the charge density p(z) and p(+o0) = dp(+00)/dz = 0,
1 +oo

¢(z) = we ). (z = 2)p(2)d2' (20)



4 gradient in curvlinear coordinate: BH#REEIR %D HIFED

In the curvlinear coordinate

If we set

The distance ds between the two infinitesimal points is given by ”metric”

q {1, 42,03}
q = {z,y,z} : Cartesian coordinates
q = {r0,z} : cylindircal coordinates
q = {r,0,¢} : spherical coordinates
Ox Oz Oz
r = z(q1,92,93), dr=_—dq + 5—dge+ —dgs
( ) oq1 g2 Jqs3
oy oy oy
= dy = =—=d —=d —
) y(Ql: q2, q3>7 Yy aql q1 + 8q2 q2 + 8q3
0z 0z 0z
z 2(q1,q2,q3), dz o q1 + o0 g2 + 043 q3

d32 = dl’Q + dy2 + dZ2 = Zgijdqidqj

0
g = Oz 9x  dy 9y 0z 0z
“ dq; 9q; ~ 0q; 9g; ~ Og; Ig;

For orthogonal curvlinear coordinates such as cylindrical and spherical coordinates

Gij
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ds®
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example 1 :
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0, for i#j

(o) + () + ()

dq; Jq; 0q;

g11dqidgr + g20dgadgs + gs3dgsdgs = dsi + ds3 + ds3
Vodg = hidqr

V922dq2 = hadgs

V/933dqs = h3dgs

cylindrical coordinates : x =rcosf,y =rsinf,z =z

Oz Ox 8y@ 0z 0z

+ =2 =cos’f +sin’+0=1, hi =1

aror " oror oror
8:1:% ay@ 0z 0z

+ ——- =cosf(—rsinf) +sinf(rcosf) +0=0

9r 00 " oro0  or oo
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0r0c  Oy0y | 0-0:
00 or 00 0r 90 0r
ov0r  0ydy  0:0:
00 00 0606 0000
Oz dx  Jydy 020z

drdx Oyody 020z B
554‘%%‘1'%5—04-04—0—0
Ordx Oyody 020z 9
&@‘F&@‘F%%—Oﬁ-o—{—()—?“

= (—rsind)* + (rcosh)® + 0 = r?,

= (—rsinf)cosf +rcosfsinf+0 =0
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Oz 0x  Oyody 020z 9 _
93 = 50s T 920: T om0, OFOHL=L hs=1

example 2 : spherical coordinates: x = rsinfcos¢,y =rsinfsing,z = rcosf

Oz Oz  Oydy 020z .9 9 .9, .9 2
g11 e + == 5 Br + 3 5 — S0 0 cos® ¢ +sin“Osin“ ¢ +cos“0 =1, hy

Oz Oz  Oydy 020z

g2 = + ——=> + ——- = sinf cos ¢(r cos§ cos ¢) + sin O sin ¢(r cos 0 sin ¢) + cos f(—rsinh) =0

or o0 ' oroo ' orob

Oxdx 0Oydy 0z0 : o o :
g1z = 8faz+8iag+8—za—;—sm@cosqﬁ(—rsm@smgb)+s1n081n¢(r51n0008¢)+0:0

Ordx Oydy 0z0z
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Oz 0x  Oyody 020z N S AT S
g2 %%—k%%—i—aeae (rcos B cos ¢)? + (rcosfsing)® + (—rsinfh)? =r

g3 = gzgz—i—gzgg—i—g;%:rcos&cos¢(—rsin081n¢)—i—rcos&singb(rsin@cosgzﬁ)—i-o
Oz 0r Oyody 020z B

g31 = %54-%54—%5—913—0

Oxrdr Oydy  0z0z B

%%‘i‘%%‘i‘%%*gx’)*

OxOdx 0Oyody 0z 0z

g3 =

y hQZT

933 = ——— + 22 4 258 — (Lrginfsing)? + (rsinfcos ¢)? +0 = r2sin®6,  hg = rsin (43)

0p0p 99 0p ~ 09 09
The differential distance vector dr and the unit vector e; may be given
3

dr = hidgiey + hadgaes + hadgses =Y _ higie; (44)
i=1
1 or
;= —— 45
© h; Ogi 45)

Here we only consider orthogonal curvlinear coordinates such as cylindrical coordinate and spher-
ical coordinates.

The gradient can be defined by the sum of the product of the slope (rate of change) and the unit
vector in the i-direction. The slope can be written as

af 1 0f
- Y9 4
0s; h; 0g; (46)
(47)
Then the gradient in the orthogonal curvlinear coordinates
of of of
g g _ 4
gradqf VQf €15 a s1 + e28 9 + €3 — 881 ( 8)
1 of 1 0f 1 of
= e~ t+te ——— +ez3—— 49
"hidagi T Chedgy | hy dgs (49)
1 Or 1 Or 1 Or
e = ———, e=-——, e3=-—— 50
! hy Oq1 27 hy Ogs ° 7 hy B3 (50)
In the cartesian coordinates,
q = {:c,y,Z}, r= (.’B,y,Z) (51)
hi = 1, g; (1,0,0), ey =(1,0,0) =1 (52)
or .
h2 = ]-a (07 170) €1 = (07 1a 0) =1 (53)
dy
or
hs = 1, % = (O, 0, 1)a €1 = (0,0’ 1) =k (54)
0 0 0
pr— pr— .7 .7 ki
grad f Vf <1a$ +J8y + 82’) f (55)



In the cylindrical coordinates,

q = {r0,z}, r=(r,y,z) = (rcosf,rsinb, z)
or

) Jr
5 = (cosf,sin6,0), hl—‘ar

= \/cos20 +sin?0 =1, e; = (cosh,sinb,0)

(56)
(57)

@ = (—rsinf,rcosh,0), hy = @ =ry\/cos2f +sin’f =r, ey = (—sinb,cosb,0)58
00 00

gz = (0,0,1), hg= gz =1, e3=(0,0,1)
e -e = cos29+sin29:1,e2-e2:sin29+00820:1,e3-e3:1
ej-eg = —cosfsinf+sinfcosd =0,e;-e3=ey-e3 =0
e -e = 0;;

Here we used the Kronecker delta

1=y
g = {0 P4

i j k
e X e = cosf sinf 0 | = k(cos2 0 + sin® 0) = es3
—sinf cosf 0
i j k
ey X ey — —sinf cosf 0 | =icosf+ jsinf = e;
0 0 1
i j k
e3 xe; — 0 0 1 | =—isinf + jcosh = eo
cosf sinf 0
€ Xe; = € kek

Here we use the Levi — Civita symbol
1 (4,5,k)=1(1,2,3),(2,3,1),(3,1,2)

€ijk = -1 (i,4,k)=(1,3,2),(2,1,3),(3,2,1)
0 otherwise
0 10 0
grad?"ﬂJf = Vig.= (elar + 92;% + GSaz) f

In the spherical coordinates,

q = {rb,¢}, r=(z,y,2z) = (rsinfcoso,rsinfsinep,rcosb)

99

(59)
(60)
(61)
(62)
(63)
(64)

(65)
(66)

(67)

(73)

0 0
a sin @ cos ¢, sin fsin ¢, cos ), hy = 9T\ /sin® 6 cos? ¢ + sin? ¢) + cos26 = 1,
or or
e1 = (sin 6 cos ¢, sin 6 sin ¢, cos )
or . . Or .. 9 )
P — , , —TSL R 2o=|=|=T 1 1 =
50 (rcosfcos @, rcosfsing, —rsinf), h 50 \/60320(cos2¢+sn ¢) +sin“f=r

ey = (cos B cos ¢, cosfsin ¢, —sin 6)

or = (—rsinfsin¢,rsinfcos$,0), hs = or

o ¢
e3 = (—sin¢,cos ¢, 0)

e;-e; = sin®fcos® ¢+ sin®fsin? ¢+ cos?f =1
ey-ey = cos®fcos® ¢+ cos®fsin® ¢ +sin®f =1
e3-e3 = sin®¢+cos’p=1
e -ey = sinfcosfcos?p+sinfcosfsin® g —sinfcosh =0
ey-e3 = —cosfsingcosd+ cosfsingpcosp+0=0
e3-e; = —sinfcos¢sing +sinfcosgpsing+0=0

(74)

= r\/sin2 0 sin? ¢ + sin? @ cos2 ¢ = rsin b,
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Figure 2: cylindrical coordinate

5%]
i i K
sinfcos¢ sinfsing cosf | =i(—sin®6@sin$ — cos? fsin )
cosfcos¢p cosfsing —sinf
+j(cos? B cos ¢ + sin? B cos ¢) + k(sin  cos A sin ¢ cos ¢ — sin 6 cos ' sin ¢ cos @)
i(—sing) + jcos ¢ + k0 = e3

i j k
cosfcos¢p cosfsing —sinf | =1i(0+ sinf cos @)
—sin ¢ cos ¢ 0

+j(sin@sin ¢ + 0) + k(cos f cos? ¢ + cos 0 sin? )
isinfcos¢ + jsinOsin¢ + kcosf = e
i i K
—sing cos ¢ 0 | =i(cosbcos¢p+0)
sinfcos¢ sinfsin¢ cosf

+3j(0 + cos O sin ¢) + k(— sin @ sin® ¢ — sin § cos® ¢)
icosfcos¢ + jeosBOsing + k(—sinf) = eq
elvjykek

\Y% —<ea+ela+e ! 8)]’
e =\ " or *r 00 % sin 6 190




Figure 3: cylindrical coordinate



