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1 Definition of divergence

Now we consider the vector field J that depnends on the position. For example, the flux J(r) is the
vector field of the mass transport per unit time and per unit area at the position r. As shown in
Fig.1(a), we consider the infinitesimal volume element dV = daxdydz. The z,y, z-component of the
vector J  (Fig.1(b)) can be define as

J= T+ J,j+ Tk (1)

Here the unit vector in x, y, z direction is i, j, k, respectively. The mass transport into this volume
element can be obtained as the difference between ingoing-flux x area and outgoing-flux x area , and
that is equal to the change of the total amount of the mass in the volume element.

gidxdydz = —[Jp(x +dzx) — Jp(x)|dydz — [Jy(y + dy) — Jy(y)|dedz — [J.(z + dz) — J.(z)|dzdy
(2)

If we use the following approximation

o, aJ, 0J.

Jo(x 4 d) ~ Jp(x) + 876133, Jy(y + dy) ~ Jy(y) + oy dy, J.(z+dz)~J.(2)+ oy dz  (3)
we obtained
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(6)

The divergence of J, we denote V - J = divJ, is the amount of mass in and out from the infinitesimal
volume element. As shown in Fig.1(c), the in and out amount correspond to the inner product between
the flux J and the normal unit vector n for the six planes of the volume elements. The normal unit
vector is in the ourward direction from the plane.

[Jo(x + dx) — Jyp(x)|dydz + [Jy(y + dy) — Jy(y)|dzdz + [J.(z + dz) — J.(2)]|dzdy
= > J-ndS =divJdV (7)

six surfaces

For the case of genaral shape as shown in Fig.1(d), the whole space is divided to the infinitesimal
volume elements dV and take the total sum. J - ndS is cancelled out each other for the neighboring



planes of the volume elements and only the those on the exterior surface will be survived. This is the
Gauss law!

> divldv = > J-ndS (8)

all dV exterior surface

/ dVdivl = / dSJ -n (9)
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Figure 1:

2 Coulomb law, Electric field and Gauss law: 7 —0O > DOXRl, &35, #
7 2 DER

Now we consider the dieletric medium with dielectric constant e. We put a charge gy on the origin
and the coulomb force F between the another charge ¢ at the position r is given by

1
F — qoqr (10)

Ameeg 12 T

Here we use r = |r| and € is the permittivity of vacuum. The electric field E created by the charge
qo is given by

F =q¢E (11)
then we have 1
qQr
_ dor 12
dmeeq 21 (12)

If we apply the Gauss law to the electric field vector E, then
/dSE ‘n = /dVdivE (13)

The electric field E has the spherical symmetry, then we consider the sphere shown in Fig.2 and
integrate the inner product on the surface. The outward normal unit vector on dS is given by n = r/r,
then

1 q (I‘ I‘) I q I g, o
dSE-n = /dS do (T T _ o[ gs = DO g2 = O 14
/ n Ameeg 2 \r 7 4Ameeq 2 dmeeq 2 o €€o (14)
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Figure 2:

qo is the integral of the charge density inside the sphere

q0 1
— = — [ dV 1
= - p(r) (15)
Therefore,
e = ) (16)
€€

This equation means that the number of the lines of electric force from the charge p in dV is equal to
p/(€o€). But in general the dielectric constant may become discontinuous at the surface/inteface and
the number of the lines of electric force also become discontinuous. To overcome the inconvenience of
this discontinuity, we define the electric flux density given by D = eyeE. The electric flux from the
volume element dV does not depend on the dielectric constant but only on the charge p. Then the
electric flux is continupous at the surface/interface. The Gauss law becomes

divD = p(r) (17)

ant this is the basic equation of the electirc double layer at the electrode interface.

3 Divergence and Laplacian in orthogonal curvlinear coordinates:

BERHIREERICBITDRMESTTIOT Y

In the curvlinear coordinate

a = {q1,92,q3} (18)

q = {z,y,z} : Cartesian coordinates (19)

q = {r,0,z} : cylindircal coordinates (20)

q = {r,0,¢} : spherical coordinates (21)

If we set

Ox ox ox

= dr = —d —d —d, 22

z z(q1,92,93), dx og, 1+ 5,00+ 50 (22)
Ay 9y 9y

= dy = —d —d —d 23

Y y(q1,q2,43), dy B, 0t 5,0+ 5 das (23)
0z 0z 0z

- dz = Zdg+ Zdgy + Zd 24

z 2(q1, 42, q3), dz o0 Q1+aq2 QQ+aq3 a3 (24)



The distance ds between the two infinitesimal points is given by ”metric”

ds®* = da® +dy* +d2* = Zgijdqidqj
Y]
o Dwor oyoy  0:0:
Y dq; 0g; ~ 0q; 9q;  9q; Og;

For orthogonal curvlinear coordinates such as cylindrical and spherical coordinates

Gij
Gii
ds®
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d82
ng

example 1 :
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g32

0, for i#j

(o) + (0 = (5)

dq; 0q; 0q;

g11dqidgr + g20dgadgs + gs3dgsdgs = dsi + ds3 + ds3
Vaiidgqr = hidg

V/922dq2 = hadgs

V/933dgs = h3dgs

cylindrical coordinates : x =rcosf,y =rsinf,z =z
Jrdx Oydy 0z0z
ordr  Orodr Oror
or0c  Oydy | 0:0:
ordf  0orod Ordb
Oordx Oydy 0z0z
ordz 0rdz Ordz
or0c  Oydy | 0:0:
00 or 00 0r 90 0r
ov0r  0ydy  0:0:
0000 0606 0000
Ordr Oydy 0z0z

=cos?f0+sin?0+0=1, h1 =1

= cosf(—rsinf) + sinf(rcosf) +0 =0
=0+0+0=0

= (—rsinf)cosf +rcosfsinf +0 =0

= (—rsin®)? + (rcos0)* +0 = r?, ho=r
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9:00 9200 9200
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spherical coordinates: 1z =rsinfcos¢,y = rsinfsin¢,z = rcosf
Ordxr Oydy 0z0z
ordr  Ordr  Oror
ox0r  0yoy | 0:0:
ordf  ordd  Ordl
Oz dx  Oydy 020z

= sin% 0 cos® ¢ + sin? Osin? ¢ + cos? § = 1,

(37)

hy =1 (38)

= sin 6 cos ¢(r cos 0 cos ¢) + sin O sin ¢(r cos fsin ¢) + cos f(—rsinf) = 0

+ — — =sinf cos ¢(—rsinfsin @) + sinf sin ¢(rsinf cos p) + 0 = 0
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00 or 00 0r 00 0r
dz0r , 0y0y | 0:0:
0000 0006 0000
Oz dx  Oydy  0z0z

=g12=0

= (rcosfcos¢)? + (rcosfsing)® + (—rsin)?> =12,  hy=7r  (39)

+ — — =rcosfcosp(—rsinfhsin @) + rcosfsin ¢(rsinfcosp) +0 =10
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asor “ogor Tagor T
Ordr Oydy 0z0z
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Ordx 0Oyody 0z 0z

933 = et e+ = = (—rsin@sin$)® + (rsinfcos )? +0 = r’sin®@, hz =rsinf

0p0p  0p0¢p  0¢0¢

The differential distance vector dr and the unit vector e; may be given

3
dr = hidqie + hadgaes + hadgses =Y _ higie; (41)
i=1
1 Or
;= —— 42
© h; 0g; “2)

Here we only consider orthogonal curvlinear coordinates such as cylindrical coordinate and spher-
ical coordinates.

3.1 Gradient: Qg

The gradient can be defined by the sum of the product of the slope (rate of change) and the unit
vector in the i-direction. The slope can be written as

of 1 0f
- Y9 4
0s; h; 0g; (43)
(44)
Then the gradient in the orthogonal curvlinear coordinates
of of of
gradqf = qu = 91671 + 92872 + 938751 (45)
1 9f 1 0f 1 of
= e ——+ a A 46
"hi 91 h2 02 hs Oqs3 (46)
1 Or 1 Or 1 oOr
- - - - = 47
ot mog 7 hadg’ 0T hsogs “7)
In the cartesian coordinates,
q = {z,y,z}, r=(zy,2) (48)
hi o= 1, 2; (1,0,0), e, =(1,0,0)=1i (49)
or .
ho = 1, =(0,1,0), e; =(0,1,0)=] (50)
Ay
Or
hs = 1, bR =(0,0,1), e; =(0,0,1)=k (51)
D S B N
e -e = 0;j, 517]—{ 0 it (52)
1, (i,7,k)=1(1,2,3),(2,3,1),(3,1,2)
e, Xe; = €jkek, €ijk= —1, (i,j, k‘) = (]., 3, 2), (2, ]., 3), (3, 2, ].) (53)
0, otherwise
0 0 0
df = =(i—+j=—+k 4
gradf = Vf=(ig-+ig-+kg)f (54

In the cylindrical coordinates,

q = {r0,z}, r=(z,y,2) = (rcosf,rsinb, z) (55)

Or or =/cos20 +sin’f =1, e; = (cosb,sinb,0) (56)

or

”
% = (—rsinf,rcosh,0), h ‘8 ‘—r\/cosQH—+sinz€—r, ey = (—siné, cosd,0)57)

= (cosf,sinf,0), h) =

or or
5, = (0.0.1), hy=|77 =1 e5=(0,0,1) (58)
e -e = 51'7]', €; X € = € ke (59)
0 10 0
grad,g.f = Vig.f= (elf)r + €2 59 +es3 82:) / (60)
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In the spherical coordinates,

q = {rb,¢}, r=(z,y,2) = (rsinfcoso,rsinfsinep,rcosb) (61)
% = (sinfcos¢,sinfsin¢,cosd), h; = ‘81“ = \/s.in2 6(cos? ¢ + sin? @) + cos2 0 = 1,
e = (sin# cos ¢, sin O sin ¢, cos ) (62)
gg = (rcosfcos¢,rcosfsing, —rsinf), hg = ‘g;' = r\/c0s2 0(cos? ¢ + sin? ¢) + sin? 6 = r
ey = (cos f cos ¢, cos fsin ¢, —sin 6) (63)
0
8—; = (—rsinfsin ¢, rsinfb cos ¢, 0), h3—’8¢‘—r sin? @ sin” ¢ + sin® f cos? ¢ = rsiné,
e3 = (—sin¢,cos ¢, 0) (64)
e -e; = 5’i,ja €; X €5 = € k€k (65)
0 10 1 9
d = r = _— _— -
grad,. g o f Vo6 f (elar tey s tes — 8¢) f (66)

3.2 Divergence: F#

§ dsy = h3
A //

Q

dsy = hodgas  dsi = hidq
~Y

Figure 3:

We will consider the flux vector J in Fig.3. The mass balance of the flow-in and flow-out in the
Ji direction can be obtained if we consider the flow-out area also depends on ¢; !

8(J1d82d83)dq1 . J1d82d83 _ 8(J1h2h3)
Oq Iq

In the same way we have the total amount for the volume element dsjdsadss

{8(J1h2h3) d(Johshy)  O(Jshihs)
+ +
oq 0q2 0q3

In the same way from Eq.(4) to Eq.(5) the divergence is given by the divide of the unit volume

[Jl dsodss + dq1dgodqs (67)

} dq1dgadqs (68)

) 1 o(J1hoh O(Johsh 0(Jshih
divl(q1,92,93) = V-J(q1,92,93) = Js1dssds [ ( gqf ) + ( gq; ) + ( gq; 2) dq1dg2d9)
1 O(J1hoh O(Johsh 0(J3h1h
_ {(123)+(231)+(312)} (70)
hihohs oq1 0q2 0q3
Jl = J-e1, JQZJ'GQ, J3:J~83 (71)

!The expansion may be done by s; but the differentiation should be done by ¢;. So the approximation is used here.



In the cartesian coordinate

In the cylindrical coordinates

In the spherical coordinates

divyp g = Vyg.s-J
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3.3 Laplacian: 275> 7>

We also get Laplacian V? when we use

J(q1,92,43)

divJ(q1, g2, ¢3)
\% i
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The Laplacian is very important in physical chemistry.
(a) For the diffusion equation

(b) For the wave equation

@ + divd

ot

9%
a2

In the cartesian coordinate

hi

V2f

0,

de
ot

=1

1 of
*h3 dgs
vef

hshy Of
hy 0ga

J = —gradc

div(gradec) =

(z,y,2)
) h2 == 1

h3

Ve

v2div(gradé) = v2V2¢

=1

o2f P 9f

Ox2

oy?

022

)*a (3

hihe Of
hs 0q3

)



In the cylindrical coordinates

q = (r0,2)
hl = 1, hQ—T‘ h3:1
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In the spherical coordinates

q = (7"9¢>)
hi = 9=, h3—rsm9
0 0 rsm@@f
2 — -
Vol = 7“281119 [8 (T sinb5- >+89< r
10 (,0f 1 of
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