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1 Born-Oppenheimer approximation

The Hamiltonian of the system which composed by the atomic position {R;} and electron

{r:}.
- X5 TR+ 3 T ez VIR (5] O
The total energy of the system is )
= (V[H[¥) (2)
Here
¥ = VY({Ri} {r:}) (3)
= ZXn({RI})¢n({rz}a{RI}) (4)

In the wavefunction of electron ¢, ({r;}, {R}) satisfies the Schrédinger equation
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In the 0-th order approximation (adiabatic approximation) the lhs of the above equation
can be neglected, i.e. we can get
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The wavefunction of nuclear is now written as the Schrodinger equation with the adiabatic
potential €, ({Rr}). If we can write the €,({R;}) with the displacement ¢y, from the equi-
librium position {R9} in the « direction.

V?Jren({RI})] Xow({R1}) = Ep, o, ({Rr}) (13)

en({Ri}) =0+ Y <3en> qraq7,8 (14)
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Then the wavefunction x2,({R;}) becomes the wavefunction of the vibrational motion of
displacements ¢ in the the harmonic oscillator .
The Eq.4 becomes

Urw = Xo ({R1})n({r:}, {R1}) (15)

The condition of the adiabatic approximation can be held is
|<X?nu|Amn‘X?u//>‘ < ‘E’S’LD - Egu’l (16)

Born and Oppenheimer showed that the the energy of a molecule which have a vibrational
and rotational motion and is in the electronic state n can be described

E = E,({RY}) + [(m/M)"*?(harmonic vib. E) + [(m/M)**]*[(rot. E)

+(unharmonic vib. E contribution) + (non — adiabatic contribution from vibrationalmotion)]

Here {RY} is the equilibrium position of nucleus. Then we can approximate

Vo = Xow ({R1})n ({r:}, {R7}) (17)

2 time-dependent perturbation theory

From the time-dependent perturbation theory(J OO OO0 OO ) we can get ”Fermi’s Golden
rule” for the transition from i to f state. The rate of transition

(F|H'|I)[* 6(Ep — Ey) (18)
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Here H’ is the perturbation Hamiltonian.

3 000O0O0O:IR absorption

The second quantized form of the interaction Hamiltonian H’ between the electron and the
photon
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Here r; and p; is the position and momentum of the electron j, k is the wave vector of the
photon that have the angular frequency wy and the polarization unit vector eyx,. axyt and
ak~ is the creation and annihilation operators of photon. The light is the transverse wave
and has two component gamma. In the surface reflection mode we define that p-wave is in
the scattering plane and s-wave is out of the scattering plane. For the ay. related term we
can determine the absorption rate of light in the steric angle df2 direction in the k-space
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Here wy; = (e —€;)/h and €; and € is the energy level of the electronic system.

Wk = Wy, (21)



The wavelength of the light is usually much longer than the atomic scale (k is small),
then the exponential can be expanded as

eik'l‘j ~1+ik- r; — (k . r])2/2 =+ ... (22)

If we pick up the first term, the matrix element becomes (f|;5 >, ey - pj|i). From the

communtation relation .
m
p; = [Ho,1) (23)

Here Hj is the unperturbed Hamiltonian and

i

(13 e pili) = Fler —a)ifled ewy -zl (24)

- 7%(9« —€i)(flewy - fili) = 7%(61” —€i)ewy - (flAl) - (25)

Then the absorption rate of light in the electric dipole transition
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If the polarization unit vector ey, is in the z-direction, the absorption rate can be written
by the polar angle 6
Waps X COS> 6 (27)

The electric dipole transition comes from the potential energy change by the vibrating electric
field at the electron position.
The oscillator strength is defined by

2Mmwn; o
fni = “o2h |(n]ewy - N|Z>|2 (28)

It is straightforward to establish the Thomas-Reiche-Kuhn sum rule
The dipole matrix element can be written as

i = (flli), == (30)

Here the initial and the final states can be described as in the same electronic state e and
different vibrational state v, 1. (The rotation of molecule is neglected here.)

1) = lev) (31)

iy = lev) (32)
If we assume the v and v/ vibrational states that can be described the harmonic oscillator,
i.e.

i) = 2wy 2 () e (33)

Here & = (uw/h)/?q. If the vector ji can be obtained
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The first term indicate no absorption and the second term shows the selection rule that are
V' —v ==+l and (d”e) # 0.

We should consider the unharmonicity when ¢ becomes large.

2
wle) = w0+ (Ge) a3 (G5) 7+ (40)
EHi(E) = ¢ [in‘—1(§) + ;Hi+1(§):| (41)
= i(i—1)H;_o(&) + 2’; LH + Hm (42)

Then we have some probability for the higher harmonic transition from i — (i & 2), because
the integral [ d¢H; (§)§2HZ—(§)6*52 can be included.

3.1 Herzberg-Teller expansion

Now we consider (f|f]é) again. If we use the Eq.17

(il = O (Reb)én({ri ARG, (R én({ri}, {RT})

= (o (Q)felxn, (Q)) (43)
fie = (Sa({rd {RIDIAOn({r:}, {R7}) (44)

From the last equation i, has no dependence on Q then
(X (Q)e X (Q) = e (X (Q) X2 (Q)) = fiebur o (45)

Then the transition matrix element become zero. In the Born-Oppenheimer approximation
the change of the electron wavefunctions by the change of the positions of nucleus is not
included. The Hamiltonian of the system can be described by the series expansion of Q

H(r, (r,0) +Z (8@) (46)

The second term is the perturbation of the system and the wavefunction becomes

0u(.Q) = 0u(r.Q=0)+ Y 3 Lol CAERNEEI, 0y, ()

The series expansion described above is called Herzberg-Teller expansion. The matrix element
Le 1S now written as

fie = (Dn (0, 0) {lm(r, 02 3 3 2 ONOH/0Qolon(x.0) (o 0116, (r,0)) Q.

(48)
Then
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(49)
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The last equation gives the ”accurate” selection rule v/ = v+ 1. I n the ab-initio calculation,
however, the dependence of the wavefunction by the nucleus configuration in a vibration mode
s not considered as shown below.

3.2 Ab-initio calculation (B. A. Hess et al. Chem. Rev. 1996,
86, 709-730.) Using G98 you can calculate IR vib. freq. and
intensity, if you do not know this, anyway.

Integrated infrared band intensity for the k-th fundamental is defined as

! Io

Here C' is the concentration (mol/L) and L is the optical path (cm). The unit of Ay is [cm

/ mol] and
2

Ay

TFNAgk ’ a/’[‘ (51)

= 3000¢22.302581 |9Q5

Here N4 is the Avogadro’s number (mol~!), ¢ is the speed of light (cm/s), g is the degener-

acy, and du/0Qy, is the dipole derivative with respect to the kih normal coordinate. In the

Gaussian package the integrated infrared band intensity Ay is calculated in the name of ”IR
intensity (km/mol)”.

If we consider the j component of the dipole moment vector of the system is given by

oF

My = 57

7 OF;

where F is the total energy of the system under a uniform electric field F. (The field is weak

enough and the changes of the atomic charges are negligible.) The derivative of the dipole
with the normal coordinate is

(52)

op; 9 OE 9 OE

— - = 53
0Qr 0Qy OF; OF; 0Qy (53)
The quantities OFE/0Qy is transformed to
OFE OR; OF OF
—_— = = Lig—— 4
56, ~ 2 oq. ot~ 2o, (34

OFE/OR; is the negative of the force components which are already available in the calculation
of geometry optimization.

3.2.1 Normal coordinate (T. Inui et al. Group Theory)
We define the displacements of the atom k(= 1,2...., N) in the a(= z,y, z) direction by

Uk = (R)ka - (Ro)ka (55)
The Hamiltonian of the system is
1 . 1
H = 5 kzo:tmk’u,ia + 5 Mzo;ﬁ@ka’mukaulg (56)

where ®pq 15 = (02V/OuraOuig)o and V is the potential energy of the system. The equation
of motion becomes

Mpllhe = — Z Dpa, 18U (57)
g
The equation of motion can be solved in the standard way
Uk = Ukae_i(wt+6) (58)
mpw?Upe = Z Pra.18Uis (59)
B

WA /mpUra ZDm,za\/ﬁzUm (60)
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This coupled equation can be solved by the secular equation, and we can get eigenvalue
w? and eigenvector e;.- 1f we normalize the eigenvector, the eigenvectors are orthogonal each
other

’

o e’ = (e'le”)ele” =} efaely = b (63)
ka

The dynamical matrix D is real and symmetric, then the eigenvalue and eigenvector are also
real. The eigenvector is complete in 3N-dimensional space

1 0 0 ... 0
01 0 .. 0

I = |0 0 1 .. 0 | =Y leNe | =D et (64)
0 0 0 .. 1

Seet = Y ehacis = duudas (65)

The normal coordinate @Q; is defined as

1
= —_—— S b 66
Uk \/mk §8 Q eka ( )
Then @ is the scalar quantity and the amplitude of the mode s. From the orthogonality

Qs = Z \/nTkGZauka, (8 = 17 2’ """ ’ SN) (67)
ka

Qs is the linear combination of u, and its equation motion is given by
Qs+w?=0, (s=1,2,.....,3N) (68)

Using normal coordinate the system is described as the sum of the independent harmonic
vibration. The Hamiltonian of the system is

H= 30+ 2Q)) (69)

S

The summation s is from 1 to 3N. For the freedom of translation 3 and rotation 3, this is
no intratomic force, then wy = 0.

4 Light reflection from metal (Au) surface

Previously[M. Yamamoto, Rev. Pol. 48, 2002 ,209-237] I have done the formulation of the
reflectance for the air|metal system.

For IR light at 3100 nm the reflectance at the air|gold surface (n = 1.728,x = 19.2) is
shown below.
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Figure 1: IR light (3100 nm) reflection from air|Au surface
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The intensities of light in the z- and y-component per unit area on the Au surface becomes

(E;/Ep)2/0089 = |Eo. + Ro.|>/E./cosf = | — E,sin — R, sin6|*/E; / cos§
= |—Epsinﬁ—rpEpsin9|2/E§/cosﬂ
= | — E,siné — (pp cos ¢, + ip, sin ¢p) E,, sin 0p|2/E§/ cos 6
= sin6?*(1 + 2p, cos ¢, + pi)/cosG (70)
[Eoy + Roy|*/E2/ cos
= |Es+ Rs|*/E?/cos0 = |Es + r Ey|*/E? cos
= (14 2pscos ¢, + p2)/ cosb (71)

(El/E,)?/ cos 6

These equations give the basics of the surface sensitivity of the RAIRS(Reflection Absorption
Infrared Spectroscopy) and Polarization-Modulation FTIR spectroscopy, and the angle depen-
dence are shown in Fig.9. The 180 degree phase change of s-wave leads to destructive
interference and no interaction with surface dynamic dipoles from molecular vibrations. !
For the surface normal component of the p-wave the interference is constructive and it can
excite the dynamic dipole perpendicular to the surface. The excitation is efficient for a higher
angle of incidence.

20 p-normal Eq.(159)

s-parallel Eq.(160) 1
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Figure 2: plots of (E;-/E,)?/cosf and (EJJ/ES)Q/COS 6. The IR light is 3100 nm and the

IR light is reflected from the air|Au surface. (E‘S| /Es)?/ cos @ is negligible because the phase
shift is almost 180 degree between the incident wave and the reflected wave.

From Eq.(8) the IR light absorption is proportional to ek - fiy;. The vibrational mode of
which the induced dipole moment have the surface normal is strongly interacts with the IR
light but the interaction with the surface parallel mode is very small because the ey ; of the
incident light and the ey s is destructively interfered by the phase shift of .

IThe surface parallel z-component (not shown here) of p-wave is also negligible.



5 Raman Scattering

5.1 Quantum theory (For example, G. C. Schatz and M. A. Ratner,
Quantum Mechanics in Chemistry, Chap. 5.5)

The differential cross section for Raman scattering is given by

do
a0

where 2 is the solid angle, N is the number of emitted photon of frequency w, the frequency of
the absorbing photon is w’. m is the initial ground state and k is the final vibrational-excited
state. € and e is the polarization vector of the absorbing and emitted light. If ¢’ = e, we
call the scattering polarized, and if €’ Le, it is depolarized.

We can write

3 /
(N+1) —|e'a*mel? (72)

u??’rltduced = }.ﬂ.”E. (73)

o = 1 Z { (Klpalm) (sl <n|m|m><kujn>} )

Oé =
W+ Wnm W — Wnk

i,

If we define the wave function |k) is the Hermite function, the matrix element (k|a;;|m)
becomes

80@“
(kloslm) = (kad; + 8qj+...|m> (75)

In the last equation the same formulation as the IR absorption QM theory can be applied.
And we can find

Raman scattering intensity oc (=—)? (76)

IR absorption intensity o (=—)2 (77)

5.2 Ab-initio calculation (A. Stirling, J. Chem. Phys. 104, 1996,
1254-1262) Using G98 you can calculate Raman freq., intensity,
and depolarization ratio, if you do not know this, anyway.

The total energy of the molecule of the system under the uniform field (weak enough) is
described as 1
:Eofzugf §ZaiijFk+.... (78)
% 1,7

where EV is the total energy under the zero-field , 1 is the permanent dipole moment vector
in the ¢ component, o, is the polarizability tensor, F; is the electric field in ¢ direction. If we

remind that t he interaction energy of the dipole with field is —i - E, then the first derivative
of this equation

ui:*ffuz +Z% (79)

The second derivative can be assumed

02E
Qi = <6Fi8Fj>0 (80)

The Raman intensities can be obtained as

Js = gs (4504;2 + 77.;2) (81)
, 8am 80éyy aazz
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The depolarization ratio can be described

3.2
s — % 4
Po = 452 + 4772 (84)
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where « is the polarization tensor0 00000 0O ), q is the displacement along a normal
coordinate (0O O00OOO), & is the dipole moment (00000000 M

i = aE (87)
s Oy Oy O E,
Hy = Qya Qyy Ay L, (88)
/’LZ aZiL' aZ’y aZZ EZ

where E is the electric field and the polarization tensor is symmetric o;; = ;.
Emission of radiation by oscillating dipole
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= apFycos(wot) —|—% <g(:;> . qoEo { cos|[(wg + w)t] + cos[(wg — w)t] (94)

Rayleigh anti—Stokes Stokes
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MRS

( symmetric stretching mode)

BRI IRE)

(antisymmetric stretching mode)

ZEAIR

(bending mode)

0=C=0 0=C=0

0=—=C=0 0=C=00=C=0

ﬁiﬂ&”ul_
o €O
#EP?WUJE%
a a
HBEF > E da) _
RHROmS _% (38). 70 &z (38),=
Q Q
SV EME (v1=1340cm™) KEE
IRBEfLIC —C= =C=0 0=C=—=
So8FEF |0-C=0 0=C=0 0—C—0 | 27§70 0=C=0 0=C=0
EIXIROER |- 4 — = + - = 4+ - | =D -
u 2 un
TWEFE—A VN O\ _ 9p) I
DR (30),=0 (34),=0 (Za), =0
Q Q Q
i) K& EM vs=2349cm™ SEME v, =667cm™
3-8 EMRESFORBOFI— CO, T FHRBEMER LI L EOTEBELIBFE—2 b
T, ‘
R EIRE) WX HEIREN ZRIR®
S s S S s S S s
e F S O/ \o o’ \0 o” \\OO/ No | 07 N0” N N
IREEALIC
L DNEE (-]
BREDZ
a a
HMBRER D
(o) oa’ 92
(—DDRATINT) (aQ)ﬁO (aQ)fo
Q Q
SV aE by priyid
IRBVEAIIC + o st s s + +
LBNFIUBF "R/ 7 Ve N Z X 1_y
E-XVRNOES 036/ \oﬂ— o’ \\\Oo/ oo/ Yo |0 /\\Oﬂ~0//\\ ﬂ
Hu M n
BBFE—X VN A au A
DM AL (Ga.xo (5a),=°

ives

& (1=1151em™)

&M (va=1361cm™)

EM (v2=519em™)

3-9 FEMESTFORBOGI— SO, FFAEHEM LR LAt EOSEELNEFE-—2 ¥ b

12




