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1 Lattice and basis

O O The structure of all crystal can be described in terms of lattice, with a group of atoms attached to every lattice point. The

group of atoms is called the basis.
crystal structure = lattice {R} + basis {7}
A lattice translation vector can be described by the primitive cell vectors D D OO0 OO0 OO0 OO0O

R= nia; + npa; + n3as

2 Optical path length, Superposition of waves: diatomic and lattice system

(D

O The difference of the optical path length(Cl O O ) for two atom scatteirng is given by A = k/|k| - r — k’/|K’| - r. If the detector is
locatedatr’, (' >>r00000,000000000000O0ODO 0O O the superposition of the electromagnetic wave ¢ and

Yo is given by (e™ = cosx +isinx) (000000000000 x2200000 (kx—-wO000D0O00MM

Y = y;+y¢p =explik’ - v —wn)] +expli(k’ - r’ + 271’% —wh)] = explik’ - ' — wH)][1 + exp(Zm%)]
= expli(k - —w)][l + exp(i(k —K’) - 1)]

A

A
k/K-r-K/K|-r=—k-K)-r
2r

0O@UobooA0O0OOCODbDO0OOOO0ObOOobO0oo0obooAODDODOOODODOOOOODODO

k K’ 2 k 2r
A= — .-r—— -r=nl, k=——, [K|=|K'|=—= (elasticscattering)
k| k’| 4 [K| A
2
k-Kk)- = ndl—
( )-r n 1
= 2mn

optical path diffrence
A
Here we will replace r by {R; }, i.e. we consider the lattice system without basis. ¥ becomes

&k-K)r = 2z

A A
¥ = §lpi=exp[i(k'.r’—wz)][1+exp(2ni—1)+exp(2ni—2)+...]
- P 2
K K
A = (—-——) (R —R
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0000000000000 000000A =rA0000000000R,=00000
k -Kk)-R; =27 (10)
000000000000 G(=k-k)O000O (reciprocal lattice) 0 000000 000000000000000000

3 Reciprocal Lattice, Miller Index, Laue Condition

0 Any function invariant under a lattice translation R may be expanded in a Fourier series of the form ! 2

nr) = Z ng exp(iG - r) @21)
G
nr+R) = n() (22)
exp(iG-R) = 1 (23)
O If we define the reciprocal lattice b;(0 O O 0O
a; - bj = 27((5,7 (24)
The primitive translation vectors of the reciprocal lattice are

X X X

b, = ZHM b, = QHM b; = ZHM (25)
a; - a; Xaz a; -a; Xaz a; - a; Xaz

Here a;, ay, a3 are the primitive translation vectors of the crystal lattice.
Example: simple cubic lattice (O OO0 OO 0O

a = (4,0,0), a=(0,4,0), a3=(0,0,0)
by = (0,0,0), by=(0,0,0), b3=(0,0,b)
p oo
a
O A reciprocal lattice vector has the form
G = by + kb + (b3, (26)

where A, k, [ are integers or zero. This equation satisfies exp(iG - R) = 1.
If we consider a;/h, a/k, a3/l plane (hkl Miller index:(J O O O O ), the reciprocal lattice vector Gy = hby + kb, + [bs is
perpendicular to this plane. The distance between the two adjacent parallel planes of the lattice is d(hkl) = 27/|Gpil.
1

1 ; 1 .
nG) = f drn(r)e 6T (: - f drn(r)e_’G'r) (11
Qeell Jeell Q
1 oy
= Dne) f dre! O = n(G) (12)
e Qeell Jeell
967,G el
_ 1 'y -G G
@) = ;ch” fce”dr n(r')e e 13)
Nt

nG)

= ! f dr'n(r’) ! Ze"“"'*'”:n(r) (14)
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Lo
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(100) (110)

(111)

proof: An arbitary vector t in the (hk[) plane can be described
t=a(a/h—ax/k) + Baz/k — a3/
The inner product

Gu -t = 2ma(h/h—k/k)+2rB(k/k —1/1)
= 0

Thereby Gy, is perpendicular to the (hkl) plane. If we define the vector d is the one from the origin to the intersection of (/kl) plane and the vector G

G
d = d(hkl
|Gl (hkD

= d(hkl)

Gt
|Gl

aj
d = Z + tintersect

Gy - 2
h

2rth
- %+0=27r then

2r
|Gl

thl -d + th] * tintersect

d(hkl)

(e2))

(28)

(29)

O The difference of the optical path length from crystal (U O OO0 OO O 0O) O If we replace r in Egs.(2) and (3) by R =

nia; + npa; + n3as
(k-K)-R=2mn

From the above equaitions, then we can get Laue condition
k' —-k(= Ak) = G

O Various statements of the Bragg condition:

kK = k+G
K> = K +2k-G+G>
%k-G = -G?
2
27”Gcos(7r/2+0) e

2
2—sinf = G
/Ism

2
27” sinf = 2x/d(hkl)
2d(hkl) sin 6 Pl

2dsin=nl; Ak=G; 2k-G=-G>.

0O Laue conditions:
a; - Ak =2avy; ap - Ak =2nv,; az-AK =2nv3
4 Structure factor, Atomic Form Factor

gbooobOoboooobooooobooboobobooooneubOobooOobOOobOoooboon

Y = expli(k’ - v’ — wi)] Z n(r;) exp(RriA(r;)/ )

(30)

€29

(32)
(33)
(34)

(35)
(36)

(37
(38)

(39)

(40)

(41)



00000000 The amplitude of the scattered wave in the direction of kK’ is proportional to the integral over the crystal
of n(r)dV times the phase factor exp[i(k — k') - r].

F = den(r) explitlk —K') - r] (42)
= N f dVn(r) exp(—iG - r) 43)

cell
= NenSg (44)

000000000 00D0000 Laue condition O O OO O The S is called structure factor(] 0 0 O 0 O . If we consider the

basis
N

n(r) = > nir - (45)
=1
S¢ = ; LH dVn,(r — 7;) exp(—iG - r) (46)
= Z exp(—iG - 7)) dV'n;(r') exp(—iG - '), r'=r-1; 47)
7 cell
= > fiexp(=iG 7)) (48)
J
;o= f V' () exp(=iG - T') (49)
cell
(50)

f; has an atomic property and is called atomic form factor. If the basis vectors are described in the primitive lattice unit
T; = Xxja; +y;a, + z;as, Oij,yj,sz 1 (&29)]

Sclhkl) =" fiexp(=iG - T;) = > fyexpl—i2n(hx; + ky; + Iz))] (52)

where j runs over the s atoms of the basis, and f; is the atomic form factord 0 O 0 0 O O O of the jth atom of the basis. The
expression on the right-hand side is written for a reflection (k, &, [) for which G = hb; + kb, + [bs.

5 Phase Problem

The structure factor S need not be real because the scattered intensity Iy is given by S a HS G- In the XRD measurements the
scattered intensity can be observed, not for the structure factor.

I o« |Sgl? (53)
(54)

Final goal is to get the structure(or electron denisty map)

1 .
n(r) = (e (55)
chll GZ;,;;/ e
S (Gyip) is the imaginary quantity and we can write
SGuwa) = IS(Gpu)le'oms (56)

From the diffraction intensities we can get |S (Gy)| but not the phasell O O O ¢g,,, People call this ”Phase problem” and there
are some method to solve it.

3

1 . 1 1
S(G)eST = f AVni' =) ) expliG - (r —r')] = f dV'ni(xr' —=1t)Q8(r -1’
chll ; ( ) chll ZJ: cell / / ; P ( ) chll Zj: cell ]( ]) ( )

Q , ’ 7
= mzj:fwnj(r —Tj)(5(r—r):an(r—rj):n(r)

J



Let’s consider an example. Here the system has inversion symmetry n(r) = n(-r).

DS@ECT = Y S@e = Y S-S
G G

G'(=—G)
S(G)

S(-G)

The electron density should be real, then n(r) = n*(r) From n(-r) = n*(r)

Z S (G)e—iG~r — Z S *(G)e—iGT
G G
S(G)

S*(G), (S(G)isreal.)

The electron density become

Qeepn(r) = SO)+ Z 25(G)cos(G - r)

G>0

We also assume that the electron denisty depend on z-direction only, and the density can be described by G, k < 3 in k-space.

Qcenn(z) S(0) + 25 (Goo1) cos(Gooi - ) + 25 (Gooz) cos(Gooz - 1) + 28 (Gooz) cos(Goo3 - 1)

2 4 6 2
S(0) + zs<Gool>cos<7”z> + 28 (Gooa) cos(;”z) + 25(G003)COS(§Z), (Goor = 7”%)

For example, we got S(0) = 3.0,|S(Goo1)| = 0.5,1S(Gooz)| = 0.5,1S(Goo3)| = 0.5 from XRD measurments. From S(G) =
IS (G)|eS) and S (G) is real, then

#(G) = 0, =

Then we should consider eight cases S (0) = 3.0, 5 (Goo1) = £0.5, 5 (Gop2) = £0.5,5 (Gopz) = £0.5. In the following figure the
electron denisty profiles are shown. Please note that the density profiles are not the same for all eight caes!!0 0 0 0O 0O O
goooooboooY) oooooooobooobooboooDoooDooooboooooOOoobDOoobooooDoooDo
000000000 0ODOOOThe anomalous dispersion of atomic form factor at the absorption edge is used to solve this phase
problem. 90 00 00 OO OO O M Please find the them in the book, e,g, D 00000 XOOODOOOODOODOODOOO
googd 19997)

6 Structure factor: Example
0 example:fee O basis at 000; 0(1/2)(1/2); (1/2)0(1/2); (1/2)(1/2)0
S(hkl) = f{1 + expl—in(k + )] + expl—in(h + )] + exp[—ix(h + k)]} (57)

hkl: alleven § =4f

hkl: allodd S =4f

hkl: one is even and other two are odd S = 0

O Atomic Form Factor

If the electron distribution of the basis j is spherical

i

lim f;
G—-0 fJ

sinGr
47rfdrnj(r)r2 Gr (58)

Z(= atomic number) (59

0 Quizl
KClI and KBr (both NaCl type)
K*:000; 0(1/2)(1/2); (1/2)0(1/2); (1/2)(1/2)0 CI~, Br™: (1/2)00; (1/2)(1/2)(1/2);00(1/2);0(1/2)0

Se. = fi(l+ kD inhtD) | pminiek)y

+fC1’(e_iﬂh + e—iﬂ(h+k+l) + e—inl + e—iﬂk) (60)

For (111) plane S 11, = 4fx+ —4fcr- , and for (200) plane S0 = 4 fk+ + 4 fc-. If we consider Z(K) = 19, Z(Cl) = 17, Z(Br) =
35, the (111) peak for KCI cannot be observed.
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Figure 1: Electron denisty profile for the structure factor S (0) = 3.0, S (Goo1) = £0.5, S (Gop2) = 0.5, S (Gop3) = £0.5.
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Figure 2: Powder XRD pattern for KCI and KBr(left) ORTEP (Oak Ridge Thermal Ellipsoid Plot)(right)
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7 Peak Width
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M-1

Z o(x — ma)

m=0

f dxn(x) expli(Ak)x]
M-1
= Z expli(Ak)mal
m=0
1 — exp(—iMaAk)
1 — exp(—iaAk)
1 — exp(iMaAk) 1 — exp(—iMaAk)
1 —exp(iaAk) 1 — exp(—ialAk)
2 — 2 cos(MaAk)
2 — 2 cos(aAk)

n(x)

F(Ak)

F'F =

|FI*

aANk — 0
Ak)?
cos@rt) = 1- : )
M?(aAk)?
cos(MaAk) =~ 1- %
2 (] — Mank?
|F|2 ~ ( 2 ) — M2

2 2(1 — ARty
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FIG. 3. (a) X-ray diffraction patterns for water (symbaols), 3 nm
Au nanoparticles in water and bulk gold (solid lines). (b) X-ray
diffraction patterns for 3 nm, 15 nm, and 30 nm Au nanoparticles
corrected for water and background scattering.

8 Debye-Waller Factor
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ri(n = r)+u) (61)
Loa oy 1o 50 3 .
Ithkl) = Iy exp(—§<u ¥G9), EMG) (u™) = EkBT (Einstein model) (62)
ksTG?,,
I(hkl) = I - A
(kD) pexp(-——-—)
(63)
10
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Figure 1 The dependence of intensity on temperature for the (h00) x-ray reflections ot aluminum.
Reflections (h00) with k odd are forbidden for an fec structure. (After R. M. Nicklow and R. A.
Young.)
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Atomic form factor becomes imaginary around the absorption edge.

f = Ref+ilmf

Ref = fo+f +fr f=fi+fa-2Z
fo = 4n f drn(r)r? sn&i}r

Imf = f

Here we define the anomalous scattering factor: f”, the small nuclear Thomson term: fyr, the small relativistic correction term
frel, f> is related to the absorption. In the followinf figures, f; and f, for Se atom are shown. We can write

f=Jfo+ f(E)+if"(E) (64)

Now we assume that the crystal has one component of atom which has the anomalous form factor. In the structure factor we can
separate the atoms which has anomalous form factor.(Hendrickson)

S = ). fexp(—iG - 1) (65)
= Z Jojexp(=iG - 7)) + Z [fio + LE) + ifi (E)] exp(=iG - T¢) (66)
k€anomal
Jeo+ E)+if’(E) = foa+ fR(E) +ify'(E) (67)
S¢ = Z,: fojexp(—=iG - 7)) + (1 + f—A(E););fA ) ) kee%:mal Joaexp(=iG - 71) (68)
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Figure 3: energy dependence of the atomic form factor for Se atom. NIST X-Ray Form Factor, Atten., and Scattering Database

! E L E
- Zfo,jexp(—iG-r,«>+M D foaexp(=iG -7 (69)
Jhall fO’A keanomal
- 53+ng (70)
S& = 1S¢lexplip”(G)], S¢ = IS¢lexplip(G)] (71)
. 0 0 SHE) = if} (E) »
I = S¢Se=1ISglexpl—ig (G)]+fo—A|S alexpl-igh (G)] § x
4 E . L E
{|S°G|exp[i¢°<G)]+W|s |explig <G)]} (72)
/ E 2 17 E 2 / E - oty E
= IS¢P+ Ual®) f+2 A ISeP + Wm IS &lexpl-i(¢°(G) - ¢*(G))]
0,A »
i E)—i 17 E
+%ISGIIS |expli(@"(G) - $*(G))]
/ 2 17 2
_ S0P+ (f4(E) +2(fA (E)) iS4
0,A
NAC 0 A o, 4
+—ISelISE &l {expl=i(4°(G) = ¢*(G))] + expli(4°(G) - ¢*(G))]}
f( ) IS & {expl-i(¢°(G) - ¢"(G))] — expli(¢°(G) — ¢ (G))1}
E 2 " E 2
= |S°G|2+(f"( ) z(fA( ) ISel + Pl )|SG||S |cos(¢°(G) - ¢*(G))
O,A fO
+2 f( )|SG||S |sin(¢"(G) — ¢*(G)) (73)

oooooooooooo fe),ffEiibdbodomoooooooon sooooo Ssegoooooooa
Oo00ooooooOo0oooooOooooooo 30000400000 XOODOOooXooooooooooo
ISOI2 IS &I, IS IS &1 cos(¢°(G) — ¢*(G)), |S IS sin(¢°(G) — ¢A(G))DDDDDDDISAFDDDDDDDDDDD (Patterson
DD)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD¢A(G)DDDDDDDDD
G) 0000000000000 00000000000000D0O0n

0 O O O http://skuld.bmsc.washington.edu/scatter/AS _ index.html X-ray Anomalous Scattering by Ethan A Merritt c1996-
20060000000
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Figure4: 00000 DOOOOOO selenobiotinyl streptavidin U 33A000000000000000000, selenobiotinyl
streptavidin D 0 00O Se U0 0D O00O0O0O0D0ODOAECUDODOOO)/a(@O0O al), B:E//b, C:E//c Proc Natl Acad Sci U S
A. 1989, 86, 2190-2194. Crystal structure of core streptavidin determined from multiwavelength anomalous diffraction of
synchrotron radiation. W A Hendrickson, A Pahler, J L Smith, Y Satow, E A Merritt, and R P Phizackerley



