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1 Let’s consider a polynominal
If the function f(x) can be approximated by the polynominals around = = a
f(z) ~ ap+ai(z—a)+ay(z—a)>+az(xz —a)® + as(z —a)* + ... + ap(z — a)"

If |z — a| << 1, the above equations can be converged. We can get the 1st to n-th derivative such as

fl(x) = a1 +2as(x —a) + 3az(z — a)® + das(z — a)® + ... + nay(z — a)" !
f"(x) = 2as 43 x2a3(x —a) +4 x 3a4(z — a)® + ... + n(n — Day(z —a)" >
f"(z) = 3x2a3+4x3x2a4(x—a)+..+nn—1)(n—-1a(z—a)">

() = 4x3x2a4+...+nn—1)(n-2)(n-23)a(x—a)"?

™) = nlay,

Then we have
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This is the Taylor expansion around z = a.



2 Let’s consider more rigorous proof

The function f(z) has a continuous n-th derivative at a < z < b. If we integrate the n-th derivative n times,

we have
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If we define R, = [7 ... [T(dz)" ™ (z), we get the Taylor expansion
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fa) = f@)+ @0+ g f @) - 0P + @ = et L V) - 0 Ry
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In the case that a = 0 we get Maclaurin expansion
/ Loy 2 Lo 3 1 (n—1) n—1
F@) = O+ O+ g f O+ Ot O Ry (12)
3 Examples
N 1 1 1
et = 1+x+§x2+§x3...+ax + ... (13)
. 1 1, 1 1
e’ = l+iz— aazZ - gms + Ix‘l + azx?.. (14)
L o 4 - L g, 15 iz .
cos(r) = 1-— Tk + T sin(z) =x — 3% + 5% then we have €' = cosx + isinx (15)



