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1 Rotation: definition and meaning

The definition of rotation of vector field u(r) is given by
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Tn the vector analysis the meaning of "rot” is hard to understand, but S. Naganuma gave us a
method to understand the meaning of rotation in his book (Intuitive method for phycal mathemat-
ics(Japanese) )

The rotational velocity of the infinitesimal water wheel in water flow field u. The water flow of
the right side of the wheel in the upper direction u, is faster than the left side (Ou,/0x > 0), the
wheel rotates in the anticlockwise direction. In the same way the water flow of the upper side of the
wheel in the right direction w, is slower than the lower side (Qu, /0y < 0) the wheel rotates in the
anticlockwise direction. Then Ou,/0xr — Ou,/0y[= (rotu).] contribute the anti. If the wheel rotates
the anticlockwise direction the (rotu), has positive value. (rotu), and (rotu), can define in the same
way.
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Figure 1: Naganuma’s explanation of rotu

2 Stokes theorem

As shown in Fig. 2 for a general vector field V(r), Stokes theorem gives

f Vodr = (I)+ (1) + (II) + (IV)
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Figure 2: Stokes theorem

If we sum-up the line integral as shown in Fig.2, the integral of the neighboring contour cancels
out and the contour C only survives, then we have

j{V-dr = /rotV-dS (4)
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Figure 3: Integral of line and surface integral:Stokes theorem

3 Boundary Conditions at a Interface Between Different Media

Now we think a interface which is at the boundary medium 1 and 2 as shown in Fig.3. From Gauss
law, we can get the following for the Gauss box which include the interface inside the box,

/drV-D:/D-dS (5)
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In the limit that the Gauss box is very thin (6h — 0)
/V dI‘p = Qbox =1n- [Dl - DQ]S (6)
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where vector n means the surface normal unit vector pointing from media 2 to 1.

n-[D; —Dy] = Quox/S =012
where o12 means the interface charge density. From V-B =0
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Figure 4: Gauss and Stokes box

From rotE = —9B/0t and Stokes theorem we can get

j{E-dr = /rotE-dS
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As shown in Fig.4 b is the unit vector defined by b = n x t. From rotH = J + 0D /0t

?{H-dr = /rotH~dS
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5T[H1't1+H2't2] = (J+88It)) -béroh — J - bordh
t-[H —Hy] = J, [=surface current density(Am™1)]

4 Rotation in orthogonal curvlinear coordinates

In the curvlinear coordinate

a = {q1,9,q}
q = {z,y,z} : Cartesian coordinates
q = {r0,z} : cylindircal coordinates
q = {r,0,¢} : spherical coordinates
If we set
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The distance ds between the two infinitesimal points is given by ”metric”

ds? = da? +dy*+d? = Zgijdqidqj
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For orthogonal curvlinear coordinates such as cylindrical and spherical coordinates
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0, for i#j

(o) + (0 = (5)

dq; 0q; 0q;

g11dq1dqr + ga2dgadgs + g33dgsdgs = ds? + ds3 + ds3
Vg11dqr = hidgr

V/922dg2 = hadgo

V/933dg3 = hadgs

cylindrical coordinates : x =rcosf,y =rsinf,z =z
Jrdx Oydy 0z0z
ordr  Orodr Oror
or0c  Oydy | 0:0:
ordf  0orod Ordb
Oordx Oydy 0z0z
ordz 0rdz Ordz
or0c  Oydy | 0:0:
00 or 00 0r 90 0r
ov0r  0ydy  0:0:
0000 0606 0000
Ordr Oydy 0z0z

=cos?f0+sin?0+0=1, h1 =1

= cosf(—rsinf) + sinf(rcosf) +0 =0
=0+0+0=0

= (—rsinf)cosf +rcosfsinf +0 =0

= (—rsin®)? + (rcos0)* +0 = r?, ho=r

drdx Oyody 020z B
%E‘F%E‘F%E—O—FO—FO—O
Oz 0z Oy dy ({“)z8220+0+0:7g

9:00 9200 9200
dxdx Oydy 020z 2 _ _
gaJra&Jraa_OJrOJrl =1, h3=1

spherical coordinates: 1z =rsinfcos¢,y = rsinfsin¢,z = rcosf
Ordxr Oydy 0z0z
ordr  Ordr  Oror
ox0r  0yoy | 0:0:
ordf  ordd  Ordl
Oz dx  Oydy 020z

= sin% 0 cos® ¢ + sin? Osin? ¢ + cos? § = 1,

(37)

hy =1 (38)

= sin 6 cos ¢(r cos 0 cos ¢) + sin O sin ¢(r cos fsin ¢) + cos f(—rsinf) = 0

+ — — =sinf cos ¢(—rsinfsin @) + sinf sin ¢(rsinf cos p) + 0 = 0

oroe  oroe  oros
duor  0yoy | 0:0:
00 or 00 0r 00 0r
dz0r , 0y0y | 0:0:
0000 0006 0000
Oz dx  Oydy  0z0z

=g12=0

= (rcosfcos¢)? + (rcosfsing)® + (—rsin)?> =12,  hy=7r  (39)

+ — — =rcosfcosp(—rsinfhsin @) + rcosfsin ¢(rsinfcosp) +0 =10
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The differential distance vector dr and the unit vector e; may be given

3

dr = hidgier + hadgoes + hadgges = > hidgge; (41)
i=1
1 Or
;= —— 42
© h; 0g; (42)

Here we only consider orthogonal curvlinear coordinates such as cylindrical coordinate and spher-
ical coordinates.

4.1 rotation

111
dss = hsdgs ]
IV
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dsy = hadgso

Figure 5: differential surface element in the curvlinear surface q; = constant.

We will apply the Stokes theorem

/rotJ‘dS = j{.]'dr (43)
S C

For the component ¢; direction (as shown in Fig.4.1) the Stokes theorem tells us

/(I‘OtJ)l(dS)l == (I‘OtJ)ldSQng = (I‘Ot.])lhghgd(pdq?, (44)
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= ——2dgedgs3 — ———=dgod 45
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rotJ = { — 46
(rot )1 hohs | Oq2 dq3 (46)
rotJ = VgqxJ (47)
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(—rsinfsing)? + (rsinfcosp)® + 0 = r’sin?6,  hz = rsind (40)



1 {a(thl) 8(J3h3):|
+e3 -
hshi | Ogs Oq1
1 [9(J2he) 8(J1h1)}
+e - 49
* hihs { oq1 0q2 (49)
In the cartesian coordinates,
q = {x7 y7 z}? r= (aj7 y? Z) (50)
hi = 1,e;=(1,0,0)=i (51)
h2 = 1,82: (0,1,0):J (52)
h3 = 1,83 = (0,0, 1) =k (53)
aJ, 0Jy oJ, 0J oJ, 0J
_ s z OJdy . z z k(v _ x 4
rotJ Vxd 1<8y 6z)+']<8z 8x>+ (830 By) (54)
In the cylindrical coordinates,
q = {r6,z}, r=(x,y,2z) = (rcosb,rsinb,z) (55)
hi = 1, e = (cos#,siné,0) (56)
he = r, ey=(—sinf,cosh,0) (57)
h3 = 17 €3 = (0707 1) (58)
B 1 /0J. 0O(rJp) oJ, 0J, 1 /0(rJy) 8JT)
rotd = VXJ_elr(ae 9- >+e2(8z 87~> e37~< o —a0) Y
In the spherical coordinates
q = {r0,¢}, r=(r,y,2) = (rsinfcos¢,rsinfsine,rcosb) (60)
hiy = 1, e1 = (sinf cos ¢, sin f sin ¢, cos 0) (61)
hey = ey = (cos 6 cos ¢, cos 0 sin ¢, — sin 0) (62)
hs = rsinf, es3 = (—sing,cos¢,0) (63)
rotJ = VxJ
1 (8(7“ sin6Jy) 8(7’J9)) 1 (8Jr J(rsin 0J¢)> 1 (8(7’J9) 8Jr)
= el — er—— - + ey -
r2sin 6 00 O¢ rsinf \ 0¢ or r?sinf or 00
(64)



