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8 The Hamiltonian Matrix

8-1 Amplitudes and vectors

Before we begin the main topic of this
chapter, we would like to describe a number of
mathematical ideas that are used a lot in the
literature of quantum mechanics. Knowing them
will make it easier for you to read other books or
papers on the subject. The first idea is the close
mathematical resemblance  between the
equations of quantum mechanics and those of the
scalar product of two vectors. You remember that
if x and ¢ are two states, the amplitude to start
in ¢ and end up in x can be written as a sum over
a complete set of base states of the amplitude to
go from ¢ into one of the base states and then
from that base state out again into y:
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We explained this in terms of a Stern-Gerlach
apparatus, but we remind you that there is no
need to have the apparatus. Equation (8.1) is a
mathematical law that is just as true whether we
put the filtering equipment in or not—it is not
always necessary to imagine that the apparatus is
there. We can think of it simply as a formula for
the amplitude (x|d).

We would like to compare Eq. (8.1) to the
formula for the dot product of two
vectors Band A. If Band A are ordinary vectors
in three dimensions, we can write the dot product

this way:
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with the understanding that the symbol e; stands

for the three unit vectors in the x, y, and z-directions.
Then B-e; is what we ordinarily call B;; B-e;is
what we ordinarily call By; and so on. So Eq. (8.2) is
equivalent to

B:Ax + B)A, + B-A,,
which is the dot product B-A.

Comparing Egs. (8.1) and (8.2), we can see the
following analogy: The states x and ¢ correspond to
the two vectorsB and A. The base
states i correspond to the special vectors e; to which
we refer all other vectors. Any vector can be
represented as a linear combination of the three
“base vectors” e;. Furthermore, if you know the

coefficients of each “base vector” in this
combination—that is, its three components—you
know everything about a vector. In a similar way,
any quantum mechanical state can be described
completely by the amplitude (i|¢) to go into the
base states; and if you know these coefficients, you
know everything there is to know about the state.
Because of this close analogy, what we have called a
“state” is often also called a “state vector.”

Since the base vectors e; are all at right angles,
we have the relation

e-e=05; (83)
This corresponds to the relations (5.25) among the
base states i,
(ilj) = &;.  (8.4)

You see now why one says that the base states i are
all “orthogonal.”

There is one minor difference between
Eq. (8.1) and the dot product. We have that

(dho=(xld).  (8.5)
But in vector algebra
A-B=BA

With the complex numbers of quantum mechanics
we have to keep straight the order of the terms,

whereas in the dot product, the order doesn’t matter.
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Now consider the following vector equation:

A= Z,-ei(ei-A). (86)

It’s a little unusual, but correct. It means the same

thing as
A =Y Aiei= Axex + Ayey + Azez. (8.7)
Notice, though, that Eq. (8.6) involves a quantity
which is different from a dot product. A dot product
is just anumber, whereas Eq.(8.6) is
a vector equation. One of the great tricks of vector
analysis was to abstract away from the equations
the idea of avector itself. One might be similarly
inclined to abstract a thing that is the analog of a
“vector” from the quantum mechanical formula
Eq.(8.1)—and one can indeed. We remove
the (X| from both sides of Eq. (8.1) and write the
following equation (don’t get frightened—it’s just a
notation and in a few minutes you will find out what
the symbols mean):
|p)=2: [iX(i|d).  (8.8)

One thinks of the bracket (x|$) as being divided into
two pieces. The second piece |}) is often called a ket,
and the first piece (x| is called a bra (put together,
they make a “bra-ket”—a notation proposed by
the half-symbols |p) and (x|

Dirac); are also

called state  vectors. In any case, they
are not numbers, and, in general, we want the
results of our calculations to come out as numbers;
so such “unfinished” quantities are only part-way
steps in our calculations.

It happens that until now we have written all our
results in terms of numbers. How have we managed
to avoid vectors? It is amusing to note that even in
ordinary vector algebra we could make all
equations involve only numbers. For instance,
instead of a vector equation like

F = ma,
we could always have written
C-F = C-(ma).

We have then an equation between dot products
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thatis true for any vector C. Butifit is true for any C,
it hardly makes sense at all to keep writing the C!
Now look at Eq. (8.1). It is an equation that
is true for any y. So to save writing, we should just
leave out the x and write Eq. (8.8) instead. It has
the same information provided we understand
that it should always be “finished” by “multiplying
on the left by”"—which
reinserting—some (x| on both sides. So Eq. (8.8)

simply means

means exactly the same thing as Eq. (8.1)—no
more, no less. When you want numbers, you put
in the (x| you want.

Maybe you have already wondered about
the ¢ in Eq. (8.8). Since the equation is true
for any ¢, why do we keepit? Indeed, Dirac
suggests that the ¢ also can just as well be
abstracted away, so that we have only

| =2iliKil. — (8.9)
And this is the great law of quantum mechanics!
(There is no analog in vector analysis.) It says that
if you put in any two states x and ¢ on the leftand
right of both sides, you get back Eq. (8.1). It is not
really very useful, but it’s a nice reminder that the

equation is true for any two states.

C-F = C-(ma).
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8-2 Resolving state vectors

Let’s look at Eq. (8.8) again; we can think of
it in the following way. Any state vector |¢) can
be represented as a linear combination with
suitable coefficients of a set of base “vectors”—or,
if you prefer, as a superposition of “unit vectors”
in suitable proportions. To emphasize that the
coefficients (i|p) are just ordinary (complex)
numbers, suppose we write

(i) = Ci.
Then Eq. (8.8) is the same as
b)Y =Yi|iYCi. (8.10)
We can write a similar equation for any other
state vector, say |x), with, of course, different
coefficients—say D;. Then we have
Ix) =Xili)D..  (8.11)
The D; are just the amplitudes (i|x).

Suppose we had started by abstracting the ¢

from Eq. (8.1). We would have had

(=2 (xlixil. - (8.12)
Remembering that (x|i)=(i|x)*, we can write this
as

X|=XiDi(i].  (8.13)
Now the interesting thing is that we can
just multiply Eq. (8.13) and Eq.(8.10) to get
back (x|d). When we do that, we have to be
careful of the summation indices, because they
are quite distinct in the two equations. Let’s first
rewrite Eq. (8.13) as

=Dl
which changes nothing. Then putting it together
with Eq. (8.10), we have
XY=y D (ili) G (8.14)

Remember, though, that (j|i)=3;, so that in the
sum we have left only the terms with j=i. We get

(x|d)=XiD*C;, (8.15)
where, of course, D+= (i|x)*= (x|i), and Ci=(i|d).
Again we see the close analogy with the dot

product
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B'A = ZiBiAi-

The only difference is the complex conjugate on D..
So Eq.(8.15) says that if the state
vectors (x| and |d) are expanded in terms of the
base vectors (i| or |i), the amplitude to go
from ¢ to X is given by the kind of dot product in
Eq. (8.15). This equation is, of course, just Eq. (8.1)
written with different symbols. So we have just gone
in a circle to get used to the new symbols.

We should perhaps emphasize again that
while space vectors in three dimensions are
described in terms of three orthogonal unit
vectors, the base vectors |i) of the quantum
mechanical states must range over the complete
set applicable to any particular problem.
Depending on the situation, two, or three, or five,
or an infinite number of base states may be
involved.

We have also talked about what happens
when particles go through an apparatus. If we
start the particles out in a certain state ¢, then
send them through an apparatus, and afterward
make a measurement to see if they are in state ¥,
the result is described by the amplitude

(xlAlp).  (8.16)
Such a symbol doesn’t have a close analog in vector
algebra. (It is closer to tensor algebra, but the
analogy is not particularly useful.) We saw in
Chapter 5, Eq. (5.32), that we could write (8.16) as

AIG)=Z (XIDIALGI).  (8.17)
This is just an example of the fundamental rule
Eq. (8.9), used twice.

We also found that if another
apparatus B was added in series with 4, then we

could write

(X|BA|b)=2u (x| 11| Bli)j1Al k) (k| D). (8.18)
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Again, this comes directly from Dirac’s method of

writing Eq. (8.9)—remember that we can always
place a bar (||), which is just like the factor 1,
between B and A.

Incidentally, we can think of Eq. (8.17) in
another way. Suppose we think of the particle
entering apparatus A in the state ¢ and coming
out of A in the state s, (“psi”). In other words, we
could ask ourselves this question: Can we find
a P such that the amplitude to get from s to ¥ is
always identically and everywhere the same as
the amplitude (x|A|$)? The answer is yes. We
want Eq. (8.17) to be replaced by

(xlw) = ZixliXily).  (8.19)
We can clearly do this if

(i) = X CilAL) I d) = (ilAld),  (8.20)
which determines . “But it doesn’t determine {,”
you say; “it only determines (i|{s).” However, (i|{s)
does determine s, because if you have all the
coefficients that relate Yy to the base statesi,
then ¥ is uniquely defined. In fact, we can play
with our notation and write the last term of
Eqg. (8.20) as

(i) = S GYGIAI).  (8:21)
Then, since this equation is true for all i, we can
write simply
) = S )GIAIG). (8.22)

Then we can say: “The state s is what we get if we
start with ¢ and go through the apparatus A.”

One final example of the tricks of the trade.
We start again with Eq. (8.17). Since it is true for
any x and ¢, we can drop them both! We then getl

A=Yy |IAMI - (8.23)
What does it mean? It means no more, no less, than
what you get if you put back the ¢ and x. As it
stands, it is an “open” equation and incomplete. If

we multiply it “on the right” by |}), it becomes

AlP)y=Zil)ANGIP),  (8.24)
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which is just Eq. (8.22) all over again. In fact, we

could have just dropped the js from that equation
and written
[W)=Ald). (8.25)

The symbol A is neither an amplitude, nor a
vector; it is a new kind of thing called an operator.
It is something which “operates on” a state to
produce a new state—Eq. (8.25) says that |{) is
what results if A operates on |¢). Again, it is still
an open equation until it is completed with some
bra like (x| to give

Xlw)=(xlAld). (8.26)
The operator A is, of course, described completely
if we give the matrix of amplitudes (i|A|j)—also
written A;—in terms of any set of base vectors.

We have really added nothing new with all
of this new mathematical notation. One reason for
bringing it all up was to show you the way of
writing pieces of equations, because in many
books you will find the equations written in the
incomplete forms, and there’s no reason for you
to be paralyzed when you come across them. If
you prefer, you can always add the missing pieces
to make an equation between numbers that will

look like something more familiar.

Also, as you will see, the “bra” and “ket”
notation is a very convenient one. For one thing,
we can from now on identify a state by giving its
state vector. When we want to refer to a state of
definite momentum p we can say: “the state |p).”
Or we may speak of some arbitrary state |{). For
consistency we will always wuse the ket
writing | ), to identify a state. (It is, of course an
arbitrary choice; we could equally well have

chosen to use the bra, ({s].)
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A=Yy lilAl- - (8.23)
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