Poisson-Plank-Nerst Equation

1 potential and concentration: Poisson equation

The Gauss law gives the following relation

D = ¢¢E (1)

E = Vo (2)

divD = »p (3)
V(eeE) = —eV(e(r)Vo(r)) = p(r) (4)
/ D -ndS = / pdV (5)
p = FY zc (6)

Faraday constant F' / C mol™!, valnce z; (no dimension), concentration ¢; / mol m™3, charge density,
p/ Cm™3. Later we will reformulate 1-D case.

2 Diffusion and Migration

The electrochemical potential ji; is given by ji; = uy + RT Ina; + 2;F¢. The force on i-species is given
by

—

fi = =V (7)
= —RIVina, — zFVo (8)
RT
= ——Va;— 5FV¢ (9)
RT
— e (viVe + V) — 2z FVo (10)
1 1 dy;
¢y de
In the last equation we used
di
iVYi = GV 12
V7 c e, Ve (12)

If we assume that the activity coefficietn ; is constant

- T
fi = —R Ve, — 2z FVo (13)
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In general the velocity is proportional to the force in the viscous fluid,
Ui = Bif;

The flux J; (mol m~2 s™!) of the i-species is also generally given by

Ji = Ui = Biciﬁ

2.1 diffusion

When there is no potential, the force by diffusion is given by

1 1 1dy
Faur —RT<+ 7>vci
¢ yide
o 1 1dy
JUE — _Bie;RT <+ 7)%
¢ vide

The Fick’s first law gives the flux J3f (mol m=2 s71) by diffusion
j;-diﬁ = —Dchi
Then for diffusion coefficient we have

Di = BRT[1+220) = pof1+222
Vi de; Vi de;

The relationship between the force and the flux by diffusion is given by

o o D o DY .
Jz'dlff — Bzczfzdlff — 2 — Cifidlﬂ — % Cifidlﬁ
RT(1+ =3) RT
2.2 migration
For the migration, the force by migration is given by
fi" = —zFV¢
The flux J; (mol m~2 s™!) is generally given by
jz' - 52’01
and the mobility u; is given by the electric field £
j@ig
fimlg = ﬁmgci = CiUiE = —cu;V¢o
— 1 gmig
-, i



2.3 Nernst-Einstein equation

If the force is balanced and the total flux becomes zero

J; o= Jaf 4 ghis — (27)
D; aif |, Gl zni D;c; Cil; \ zaif
= —————«f; + P = N i 28
RT(1 4 29%) U (RT(l + ) zF) I 28)
iU Dic¢; D)e;
: 1;7’ - Cc. dy; = l; (29)
;= J 30
B RT (30)
We call the last equation is new Nernst-Einstein equation. Then we can write the flux
. — _D.Ve¢ — L. 1
Ji iV T ciVo (31)
This is the new Nernst-Plank equation. The equation of continuity is given by
de; .. =
0 = 8Ct + divJ; (32)
Finally we can get
861- ZlFDO
5 V(D;Ve; + 7T © Vo) (33)
2 ZlFD? 2
¢ = Ci<r7 t)v Vi = f)/i(cz)v % = 7{ = 72(01)7 % = 71// = fyz{/(ci% (35)
Vol = 8%-_1 Te _ 8%—1 i Ve, = = 2/Ve, (36)
! 8ci ! 8% 8@ ‘ ! ! ‘
d~!
Vyi = i Ve, =~V 37
dCZ‘

(37)

VD; = V(Djeyy; ') (38)
DY (v Ve + eVt + ey V) (39)

= DYy — 472 (W) + e /] Ve (40)

VDVe; = DYy —v72¢(7)? + ey (V) (41)

3 1D case

When the diffusion and the potential is planar and the force is only in = direction, and the dielectric
constant is uniform except the boundary. First we set

¢ =cizt), vi=y(e), % = =7i(a), % =7 =/(c), (42)
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for both sides of the phase

FY ziei(z,t)

o

if there is no specificadsorption at the interface,o = 0, then

dé
+ dz N
Ci 8202' .T,t —1_7 — / =1 dei

D?(l + ,y'f)/i)a(xg) + D?[%‘ 1%‘ — % 20@'(%‘)2 + G 1%] <

2z FDY (dci(x,t) 0g(z,1) D*¢(x,t)
* RT ( Ox Ox +ailz,t) Ox?
0, then

982ci(x,t)

b Ox?

2z FDY (Oci(x,t) Dp(x,t) D*¢(x,t)
TTRT ( oror AT

ox





