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Figure 1: Brownian movement reproduced from the book of Jean Perrin. Three tracings of
the motion of colloidal particles (radius 0.53um) are displyed as seen under the microscope.
Successive positions every 30 seconds are joined by straight lines [1].
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Observation of Brownian Motion In
Liquids at Short Times: Instantaneous
Velocity and Memory Loss

Simon Kheifets, Akarsh Simha, Kevin Melin, Tongcang Li,* Mark G. Raizent
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Fig. 1. A simplified schematic of the optical trap and position detection system. A microsphere
is trapped by counterpropagating 1064- and 532-nm laser beams focused by microscope objectives (OB)).
The 1064-nm laser is then used to detect the horizontal motion of the bead, split between a low-power, dc
balanced photodetector (DC BPD) and a high-power, ac-coupled balanced photodetector (AC BPD) (DM:
dichroic mirror). Inset: A sample of the position (top trace) and velocity (bottom trace) of a trapped 3.7-um-
diameter barium titanate microsphere (blue line) recorded by the ac detector; the red line is the signal
recorded with the same laser power but an empty trap.



Normalized Counts

1 | ' — Signal T
Noise

10" — Theory |
10® -
107 -
10 -
10-5 I ! |

-1.0 -0.5 0.0 0.5

Velocity (mm/s)

(C) The instantaneous-
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of the velocity noise (red), both calculated with an
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theoretical Maxwell Boltzmann distribution for a
temperature of 291 K.
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In Einstemn’s picture, mean-squared displacement
(MSD) of Brownian trajectories 1s described by the
diffusion equation, MSD(t) = ([Ax(1)]*) = 2Dz
where D 1s the diffusion constant. Because of
their fractal nature, purely diffusive trajectories
have infinite length and thus an undefined in-
stantaneous velocity, in contradiction of the equi-
partition theorem (5). This contradiction 1s resolved
when the 1nertial mass of the particle 1s taken
into account. Such a solution can be found by
solving the stochastic Langevin equation, m,v =
Fi(v) + Fn(t) where my, is the mass of the
particle, v 1s its velocity, F (v) 1s the damping force
due to the flmd, and F}(?) 1s a random thermal
force. The Langevin equation can be solved for
the MSD and the corresponding velocity auto-
correlation function VACF (1) = (v(1)v(t + 1)) =
d* /d7*(MSD(1) /2). The solution requires knowl-
edge of the autocorrelation of the thermal force
which, by the fluctuation dissipation theorem,

can be determined from the dissipative compo-
nent of Fg (15).

The simplest model of ballistic Brownian mo-
tion assumes Stokes damping, F'g = —y,v with
Stokes drag coefficient y, = 6mnr for a sphert-
cal particle of radius » in a fluid with dynamic
viscosity 1. The resulting solution 1s character-
ized by an exponentially decaying VACF, with
time-constant 1, = m,ys (1/6). At long times, the
model reduces to diffusive motion, whereas at
short times, the MSD is proportional to t°, and
the VACF approaches its asymptotic value of
(v*) = kg T /m, where kg is Boltzmann’s constant
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Fig. 2. Experimental and theoretical correlation functions from re-
corded trajectories of two different bead-fluid combinations. (A) Double-
logarithmic plot of the MSD for an optically trapped barium titanate glass
(BTG) bead (3.7 um diameter) in acetone (blue circles; t, = 11.0 ps, 1 =
8.5 us, 1, = 11.2 us), and a silica bead (2.8 um in diameter) in water (green
squares; T, = 1.2 us, s = 2.01 us, 1, = 0.57 us). The red dashed lines indicate
the MSD of a particle moving at constant velocity. (B) Semilogarithmic plot of

Normalized VACF

the corresponding VACF normalized by (v§*) = kgT /m*, (0.18 mm/s)2 and
(0.35 mm/s)2 for the barium titanate and silica microspheres, respectively.
The horizontal dashed black line guides the eye to the asymptotic value of the
VACF at short times. The solid blue and green lines correspond to the Ornstein-
Uhlenbeck model (which neglects hydrodynamic interactions). The dashed red
lines correspond to the first-order approximation 1 — |/t /7,. The solid black
lines correspond to the full hydrodynamic theory (26).
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