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1 definition of grad

The gradient of the scalar function ¢(r) is defined by

gradg = Vo(r) = ({T(b +j gd) + Zf (1)
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Figure 1: Gradient of the scalar function ¢ in 2D case. The red vector is the unit vector i and the
blue vector is the unit vector j. The x — y axis is rotated by (1) 0, (2) 30, (3) 45, (4) 60, and (5) 90
degree in the clockwise direction, respectively.

In (1), ¢ =1 -z Vé = —i <)¢—1 {x—iy,w B~ L I (3), ¢ =

1- Loty Vo= —Li-Lj In <4> o =1-Lo— Ly, Vo = —1i- L) In(5), 6 = 1-y, Vo = —j.
These all show the minus of the direction of the gradient is in the steepest descent one.

Now we define that the line from r to r + dc is along the contour line(2D) or hypersurface (3D),
then

A6 = ole+de) ~ ole) =0 ©)
a6 = o) + e~ o(r)
= V¢-dc=0 (3)

Then we showed that the gradient direction is normal to the contour line, i.e. the steepest descent
direction.
Next we define that the line from r to r + ds is along the steepest descent direction,

i = Ofr+ds)— 4(x) (4)
— gf)(r)—l—%ds—gﬁ(r)
= Vé-ds = |V|ds (5)
P = vl (6)

Then we showed the slope in the steepest descent direction is given by grad¢. The norm of the gradient

is given by
o)+ () + ()




2 vector field and potential

Now we consider the electric field. The point-charge with charge ¢ is moved in the electric filed E(r).
The force F(r) which act on the point-charge from the field is given by F(r) = ¢E(r), The energy
difference from point O to P is

UO—P) = —/OPF-ds:—q/OPE-ds (8)

Here ds is taken along the contour form O to P. The potential ¢ is defined by
UO—P)
o(p) - o10)= O =~ [Th s )
IfPisatr+dsand Oisatr

d(r+ds) —o(r) = Ccllqsds =V¢-ds=—-E-ds (10)

Then we have
E = —-Vo¢ (11)

This means the electric field is along the steepest-descent direction of potential.
If we remind that V - E = p/(epe), we have Poisson equation

p

div(—grad¢) = > (12)
25 = P
v = L (13)

3 1D problem of Poisson equation

When we know the charge density p(z) and p(—o0) = dp(—o0)/dz = 0, we can calculate the potential
¢(2)
1 z / / /
o) = —— [ (= p()az (14)
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This equation satisfy the Poisson equation, because

]‘ z / / 1 /Z / / !/
= - d — d 1
6(2) 2 / e B GO (15)
do RN | 1 Lo
- _ dz — =— d 16
7 e | PEIdE — zp(z) + —zp(z) = =2 | p()dz (16)
¢ 1
v _ __ = 1

Here we used

T = 0 o [ = IRG) — Ri=0)] = ple) — p(—o0) = p(2) (18)
To= e o [ = 1) — Qo) = 2p(2) — (~o)p(—o0) = 2p(2) (19)

In the same way when we know the charge density p(z) and p(+o0) = dp(+00)/dz = 0,

1 [tee

Pplz) = — (z = 2)p(2)d2' (20)
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4 gradient in curvlinear coordinate: HI#REEIERDAIAC

In the curvlinear coordinate

q {a1, 2, a3}
q = {z,y,z} : Cartesian coordinates
q = {r0,z} : cylindircal coordinates
q = {r,0,¢} : spherical coordinates
If we set
or ox ox
= dr = —d —d —d
z z(q1,92,93), dx ag, 0 + 04102 + Bgs 193
Ay Oy Oy
= : dy = —=d —d —d
Y y(q1,92,q3), dy 9 q1 + 942 g2 + 943 q3
0z 0z 0z
= dz = =—d ——d —d.
z z(q1,92,93), dz o0 Q1+ %% q2 + a; 3

The distance ds between the two infinitesimal points is given by ”metric”

ds?> = da? +dy® +d2? = Z 9ijdqidg;
,J
oo wor gy 00
“ 0q; 0q;  0q; Oq;  0q; Oq;

For orthogonal curvlinear coordinates such as cylindrical and spherical coordinates

gij = 0, for i#j
oz \ 2 Iy \ 2 9z \?
w = (a) + (o) (o)
ds> = gudqdg + ga2dgadgs + gszdgsdgs = ds? + ds3 + ds3

ds1 = /gudq = hidq
dso = +/g22dga = hodga
dsz3 = /g33dqz = h3dg3

example 1 : cylindrical coordinates : x =rcosf,y =rsinf,z =z
Ox 0 dy 0 0z 0
g1 = £§+%%+§§:COSQH+SiHZQ+OZ1’ hi=1

Oz 0r  Oyoy  0z0z . . .
g2 = 5%+5%+5%_C089( rsind) +sinf(rcosf) +0=0
Ordxr Oyody  0z0z _

95 = 509 Tara: Targ, 0 TOT0=0

0201 0y0y | 0:0:
00 0r  000r  000r
922 = %%4‘%%—#%%:(—rsin9)2+(rcos¢9)2+0:r2, ho =17
923 = %%JF%%-F%%:OJrO—FO:O
gs1 = %%+%%+%%:0+0+0:0
gaz = %%Jr%%Jr%%:Oww:r?

_ Oedn Oyoy | 0:0:
gss = 0z 0z 0z0z 0z0z

go1 = = (—rsinf)cosf + rcosfsinf +0 =0

=0+0+1%2=1, h3=1

(38)



example 2 : spherical coordinates : 1z = rsinfcos¢,y = rsinfsin ¢,z = rcosf

&B@ ay@ 82%

_ Oz dy 020z _ . 2 2 L2 2 29 _ _

g = o) + 9 O + 5 5y — Sn fcos® ¢ +sin“fsin“¢p +cos“0 =1, h; =1 (41)
g2 = %%—k%%—k%% = sin 6 cos ¢(r cos 0 cos ¢) + sin O sin ¢(r cos fsin ¢) + cos f(—rsinf) = 0
g1z = gﬁgfﬁgigﬁ?’ gigjﬁ = sin 6 cos ¢(—rsin @ sin @) + sin @ sin ¢(rsinf cos p) + 0 = 0

Ordr  Oyody 020z _ - _
920 = Baor " oeor  oeor VT

Oxdx Oydy 0z0z 9 o o )
922 5050 T 9000 T g — (rcosfcosg)” + (reosfsing)” + (—rsind)” =%, hp=r  (42)
Oz dx  Oydy  0z0z

_ Ozdxr Oyoy 9z _ i . . _ 0
go3 808¢+896¢+896¢ 7 cos 0 cos ¢(—rsin 6 sin @) + r cos 0 sin ¢(r sin 6 cos ¢) + 0

oroe oyoy 0200
a6 or " apor  agor BT
oroe oyoy 0200
9600 " 9600  dpa0 9B
g33 = gzgz + gzgi + g;g; = (—rsinf@sin¢)® + (rsinfcos $)®> + 0 =r2sin?0,  hz = rsinf (43)

The differential distance vector dr and the unit vector e; may be given

0

g3 = 0

g3 = 0

3

dr = hidgier + hadges + hadgses = > higie; (44)
i=1
1 Or
; = —— 45
© h; 9q; (45)

Here we only consider orthogonal curvlinear coordinates such as cylindrical coordinate and spher-
ical coordinates.

The gradient can be defined by the sum of the product of the slope (rate of change) and the unit
vector in the i-direction. The slope can be written as

of 1 0f
= —— 46
0s; h; 0g; (46)
(47)
Then the gradient in the orthogonal curvlinear coordinates
of of of
= =e — — — 48
gradg f Vaof =€l D5, + ey D5y +e3 Do (48)
1 9f 1 9f 1 of
= e———+e——+e3——— 49
Yhi dqi hadgs ° h dgs (49)
1 Or 1 Or 1 Jr
eg = ——, e=——, e3= ——— 50
! hy Oq1 > hy 0gs ° 7 hy B (50)
In the cartesian coordinates,
q = {x,y,Z}, r= (l’,y,Z) (51)
hy = 1, 222(1,0,0), e; =(1,0,0) =i (52)
or .
he = 1, — =1(0,1,0), e =(0,1,0)=j (53)
dy
or
hs = 1 5 =(0,01), e =(0,0,1)=k (54)
0 0 0
df = =li—+j=— +k— 55
gradf = Vf=(ig-+ig kg ) f (55)
In the cylindrical coordinates,
q = {r0,z}, r=(r,y,z) = (rcosf,rsinb, z) (56)



or
or
or
00
or
0z

gradr,&,zf

= (cos#,sind,0), hlz‘g:‘:\/cosQH—FsinQG:l, e; = (cosf,sinf,0) (57)
0

= (—rsinf,rcosh,0), hy = o =ry\/cos2f +sin’f =r, ey = (—sinb,cosb,0)58
00

In the spherical coordinates,

q
or

ar

or

00

or

d¢

gradr,9,¢f

= 0.01), hy=|0)=1, e =(0,0,1) (59)
0 10 0

= Vig:= (e187’+e27"80+e382)f (60)

{r,0,¢}, r=(x,y,2) = (rsinfcos¢,rsinfsin¢,r cosf) (61)

(sin 6 cos ¢, sin O sin ¢, cos @), hy = ‘g:‘ = \/sin2 6(cos? ¢ + sin? @) + cos? 0 = 1,
e1 = (sinf cos ¢, sin f sin ¢, cos 6) (62)

(rcosfcos ¢, rcosfsing, —rsinf), hy = ‘g;‘ = T\/COSQ 0(cos? ¢ + sin? ¢) +sin?§ = r
ey = (cos B cos ¢, cosfsin ¢, —sin f) (63)

(—rsinf@sin¢,rsinfcos ¢,0), hsg= ’g;‘ = r\/sin2 6 sin® ¢ + sin® @ cos? ¢ = rsin b,
e3 = (—sin¢,cos ¢,0) (64)

0 10 1 0
vr797¢ = <e167‘ + eg;% + e37"sinea¢) f (65)



