1 Pseudopotential

plane wave: exp(ik - r) = 2,20 + 1)ij,(kr)P(k - #)
Figure 1: scattering of plane wave
the scattering amplitude
f(0) = (20k)™" > (21 + 1) [exp(2in) — 1] P(cos 6) (1)
1
the phase shift 7,
m = mm+ 0 (2)
n; is an integer so |§;| < 7/2. We put
(3)

n=n—101-—1

where n and [ is the principal and angular quantum number of the wavefunction v,,;.
(n — 1 — 1) is the number of the nodes in the wavefunction 1, , and corresponds to

the number of the core states with angular momentum [. [eg. 3-2-1=0 for 3d(no core d
state), 4-0-1=3 for 4s(core 1s, 2s, 3s state), 4-1-1=2 for 4p(core 2p, 3p state)]
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Figure 2: All electron and pseudowave functions of Mo atom



Pesudopotential:

n—0{—-1=20

The pseudo-wave function has no radical nodes, i.e. no rapid oscillations so that we

expect a rapidly convergence series of plane wave.

For atom and ion system

2

(—;;TLVQ + ‘/ion(r) + VH(T) + ch(r) - Enlm)¢nlm(r) .

Here

Vi (1) = Rt (1)Yim (0, ¢)

Logarithmic derivative

L= ( Z/Rl)|r:rc
The phase shift ; can be obtained from the logarithmic derivative L

tanmn =

Jilkre) Ly — kjj(kr.)

ny(kre) Ly — knj(kr.)

(7)

In periodic potential if we replace the real potential inside the core sphere
by a pseudopotential with the same scattering properties, then it also gives

the same energy band structure.

VElr) lau)

Figure 3: Pseudopotential and logrithmic derivative of all-electron and psudo wave functions of Mo atom
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Ups = Z Ups,l(r>pl (8)
1

B is projection operater that picks out [-th angular momentum component of the wave-
function so that v,s;(r) acts only on that. (reference: M. L. Cohen and V. Heine,
Ed. by H. Ehrenreich, F. Seitz and D. Turnbull, in: “The fitting of pseudopotentials
to experimental data and their subsequent application”, (Academic, New York, 1970)
p. 37-248.)

S P =1, then Ups = Vioe + 21 (Vpsi — Vioe). If we put vjo. = 05,

ion,l=0

W) = [l (e ) 9)

lmam

Vign (1,1') = 0! (r)o(r — ') + ; (W (r) = 05 (1))20(r = ') /1" 37 [ Vi (£)) (Yien (1)

(10)
5,Ulnonlocal — Ul 2}éocal (11)
Norm-Conserving Pseudopotentials (Hamman, Schliiter and Chiang, PRL, 43,

1494, 1979)

For real(all electron atom) and pseudoatom

(I) eigenvalues of the valence states are the same

(IT) wavefunctions agree beyound a chosen core radius r..

(IIT) fy° drr2*4mp(r) agree = normconservation. (The electrostatic potential pro-
duced outside 7, is identical for real and pseudo charge distributions.)

(IV) logarithmic derivatives and their energy derivatives agree. (scattering properties
of the real ion cores are reproduced with minimum error as bonding and banding shifts
eigenvalues away from the atomic levels.)

The properties (III) and (IV) are crucial for the pseudopotential transferability, and
are related by a simple identity.

10 0 - 1 AP,
_58787111 Rl(r E)‘e:ez,r:Tf“t - ( cutR< cut ))2/0 drr Rl (T’ 61) <12>

Derivation of logarithmic derivative(Harrison, Solid State Theory)

Rl +1)

19 ,0
_ 10,0 1
eR; 2m 29 8rRl + V(T)Rl + om 2 R, ( 3)
P10 ,0 R? (14 1)
6 / — 27 / V / / 14
(c+0e) C2mr2or 87‘Rl V) A+ 2m 2 Ry (14)
If we apply Rj to lhs of Eq.(13) and R; to lhs of Eq.(14) and integral from 0 to R
R drh? (R0 , 0 R 0 ,0
—5/d4 2pip / 1O 20 _/ U 209 o 1
€| drdmr R R, Sy < ; Rlarr 87"Rl ; Rl&j 87"Rl (15)
Here we assume V' (r) had no € dependence. Usi ng partial integral
R Arh? oR 1" OR] ,OR,
~oe [ dramr*RiR = - RS —/d Ly 16
60 PRI 2m ([ 4 (97’]0 0 “or " or (16)
oR;|" OR; ,OR,
— dr——r?— 17
[ ] / ar | or ) (17)



4 2 /
_ A <R2r28Rl — Ryr? aRl) (18)
R

2m or or
OR
R = R+ —"dc (19)
Oe
R OR, 4mh? OR, OR, O(R; + 281 e)
—6/d42R IR, = — R+ Slsey2Zt 2 AT 0 09
¢y dramr (Bt 00k 2m<(l+0e NG T, .
R OR 4mh? OR, OR O*R
_ Arr?( R2 vy _ 2 l L2 l 9
56/0 dramr(R; + R, 5% Jde) o, o€ (r 5 o " g, . (20)
If we pick up the first-order of de
R h? OR, OR O*R
2p2 NV o (OIL 01y
/0 Ry = ZmR (66 or Rl@e@r (21)
B2, (. s OR OR LO?Ry
- 2T RT 22
2mR Hi <Rl Oe Or Hy Oedr (22)
o, L0 ([ OR
= —%R Rl& (Rl e (23)
. ,0 0
(25)
Troullier and Martins(Kerker) Pseudopotential
o I(1+1) 1 d? o s s
Ufon,l(r) = El - 27,2 27,,Rlp8 ﬁ(TRf ) - ’U% - /Ugc (26)
R*(r) = rtexplp(r)], <™ (27)

where p(r) is a polynominal of order six in 72.

For nonbound states Hamman’s generalized normconserving pseudopotential is
used.



