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II. ENSEMBLE

An ensemble is a collection of very large number of systems, say A, each constructed to be a replica on a thermo-

dynamic (macrosopic) level of the particular thermodynamic system of interest.

A. Microcanonical Ensemble

An isolated system (N,V, and E fixed) is equally likely to be in any of its W(FE) possible quantum states. (the

principle of equal a priori probability)

1
(quantum) f(I) = const = =——
Ypem<nyon !
1
(classical) f(P) = const =
fE<H<E‘+6E dr

dI' = dq,dqa....dqndpi1dps...dpy

The thermal average is given by

Ay = A= / A(P)f(P)dT

[ AS(H — E)dr
[6(H - E)

SC A @) = S WA @) (quantum)
l l

(classical)

Now we define the number of accesible quantum states under the external force parameter x

Z 1, (quantum)

E<E(N,V,2)<E+3E

W(E,SE,N,V,z)

fE<H(N,V,.r)<E+5E dr
h&(NA+NB+)NA'NB'

W(E,SE,N,V,z)

The entropy of the system is given by

S(E,N4,Ng,...V,z) = klogW(E,SE, N, V,z)



Now we can define

Qo(E,N,V,z) = Z 1 (quantum) (11)

0<E<E

1
Qo(E,N,V,2) = dr lassical 12
BN YV.) = ot o Jyp ™ (s (12)
d
Q(E,N,V,z) = @Qo(E,N,‘/,:L‘) (13)
Q(E,N,V,2)0E = W(E,SE,N,V,z) for §F is small. (14)
For example the N particles in the cubic box of a3
1 9rma?\ N2

W(E,$E) = B3N E 15
(©:58) = e ) "

B. Canonical Ensemble

We enclose each system in a container of volume V with walls that are heat conducting but impermiable to the
passage of molecules.The entire ensemble of systems is placed in a very large heat bath at temperature 7. We can
specify a state of the entire ensemble

StateNumber 1, 2, 3, ... U,
Energy Ey, E,, E3, ... JE), (16)
Occupationnumber a1, a2, as, ... AL, e

All the members of the ensemble is A and the entire ensemble system is isolated from its surroundings by thermal
insulation. 0000000000000 ODOOOOOOOOOODO AO00OO 1,23,.A0000000000000
00 00000000-E,000100a00000000-E,00020..0000

Zaj = .A (17)
J
> aE; =€ (18)
J
We can apply the pinciple of equal a priori probabilities to this isolated system which has constant energy £. The

number of ways that any paticular distribution of the ¢;’s 00 000000000000 0O0O0O0O0O0O00O0M

Al Al
= = 1
W(a) arlaslas!....  Ilpag! (19)

The oveall propability P; that a system is in the j-th quantum state

p_ @ _ 12.W()a(a)
TTAT A Y W(a)

We can write

o 1Y W(@ai(a) 1 W(@)aj 6]
b= AT W) A W@ A )

*

where a is the value of a; in that distribution that maximizes W (a), that is, the most probable distribution. Using
Lagrange’s method of undetermined multipliers.

0
&l{an(a)—aZak—ﬁZakEk}zo (22)
J k k
Using the Stirling’s equation InN!= NInN — N,InW = AlnA— A - %", arIna, + A, A = const.

—Inaj —a—-1-pE; =0, or af=e e PE o =a+1 (23)



From Eq.17

A=e @ Z e PE;

J

e PE;

e =

(quantum)

From the thermodynamic relation we can find

The canonical partition function

Q(N,V,T) Z e PEi (quantum)

1
Q(N,V,T) = W/e_ﬁHdF (classical)

1 e PHAT ,
P(dr) = TN 5N O(N.V.T) (classical)

Other important relations are

—kpT'InQ(N,V,T)
h T2 (8111@)
T )y

1
S = kg Q(N,V,T) + kpT (8 HQ)
N,V

oT

C. Grandcanonical ensemble

In a grand canonical ensemble, each system is enclosed in a container whose walls are both heat conducting and
permeable to the passage of molecules. 000 NOOUOOOOO AUDODOUOODOOOOENSEMBLE)OOOOOFor
each value of N, there is a set of energy {En;(V)}. an; is the number of the systems in the ensemble that contains
N molecules and are in the energy state j. Each value of N has a particular set of levels associated with it, so we
first specify N and then j. The set of occupation numbers {ay;} is a distribution. By the postulate of equal a priori

probablities,

ZZaNj = A
ZZaNJENJ =&
zzam oy

For any possible distribution, the number of states is given by

Al

W({an;}) = m

In the same way as canonical ensemble, the most probable distribution is

x o —BEN; (V) ,—YN
ay; =¢€“e e

(33)
(34)

(35)



From the thermodynamics,

1
ﬂ = m (38)
_ I
V= T (39)

The probability Py; is

_ay,; e BEN;(V)g—7N
PN](MTau) - 7 - ZN Zj e,ﬁENj(V)e_,yN (40)
The grand canonical partition function is
SV ) = 30 Y e B T i (an
N
The thermodynamic properties is related to
pV = kgTInE (42)
Oln=
= = 4
S kg In +kBT< 5T )V (43)
g
Oln=
N = kaT ( n ) (44)
w Jyr
The above can be generalised to the many particles system
o BEN; =) Napa)
Py, = = (quantum) (45)
== 3 Y eI TN (quantm) (46)
NA=0Np=0
1 e—ﬁ(H—E Napa) qm .
P(N,dl") = HNA'h3NA = (classical) (47)
== >3 g [T (i) ()
Na=0 Np=0
If the Hamiltionian of the system can be described as
A Phi | & Ph,
H = — : U({r; 49
ggmm+;2m o+ U({ri}) (49)

, then the momentum part in the classical form can be calculated using the relation

/ e dy = \/? (50)
o a

#e? opd, PPA N, _Bph, _Bpho _PPh N
K = dpae ?ma dpape ?ma ... | dpan,e 274 dppie *"B dppoe *B ... [ dppNnge B ..

2mm 2mm
Sl M e (51)

g
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If we can average the momentum space and we can define the probability w; that the system is in the i state

1 _PPAa _fPha
w; (r) 7u/dp,4,1@ Zmy /dpAﬁle Zmy -~-exp[—ﬁU(N)+ﬁZNa,ua]drN

— exp[-BU(N) + 8 Napta)dr™

If we can scale

Tia

I
dria, = Lodsia

dridrs..dry = (LwLyLz)Nd51dSQ...dSN = VNdsidss...dsn

aG=2,Y,%

then we have
N 1 vy Z N



Markov chain
steady state probability

DPij > 0 (59)
> piy =1 (60)
J
principle of microscopic reversibility
PiPij = PjPji (61)

Metropolis et al. [J. Chem. Phys. 21 (1953) 1087] proposed

pij = { aij  (i#j, andp;/p; >1) .
Y aijpi/pi (i # 37, andpj/p; <1)
C P (63)
3(#9)
And a;; should satisfy
G = (64)

Zaij =1 (65)

If we consider the move of a particle I (Energy is E;) at r; to the new position is the r; + dr; in the R region, we can
define

Q5 = l/NR (66)

Here Np is the total number that the particle can move in the R region.
In the general Metropolis routine,
1) Pick up a paticle (sequential or random sampling)
2) move the particle to a point in the R region, the state is j’
3) If p’;/p; > 1 accept this move.
4) If p’/pi < 1, generate random number (0 < Ry < 1)
when p’./p; > Ry accept this move.
when pj/pi < R; reject this move.

III. CANONICAL METROPOLIS SAMPLING

()NOODOOODO 1000000 (0000100 NOO0O00)00000000000000400,000000
000 r; = (24,9,%) 000000 i0 ;00 r,+Ar, 00000, 000000 Ar; = (Azi, Ay, Az) D00 (0,1)
00000 &,§,6 0000,

Az = 6(1 —26,), Ay = 6(1 — 26,), Az = 8(1 — 2€.) (67)

0000.0000 000000000300 ,4,20000000,00020000000000000000
r,+Ar,0000000.
(2)00:0000000000000000000 U,000.
()U; >U,0000,00 kO n+1000000000 (3)000.
(i)U; < U, 0000,00 (0,1)00000 €0 ¢ <exp(—f[Ux—U;])) 00000,00 kO n+1000000
00 (3)000.0000000.+1000000:0000 3)000.
Bn—n+1000 (1)000.
(1)(i)00000000 ¢ < min[l,exp{—B(Uy —U;)}] 000000000 kO »n+10000000,000000
O0nrn+1000000:000,00000000.
000000000000:0000 k000000 PO (1)00000000 44 (000)00(0)000000
00000000000000000000 4,0000 (2030000000 100000000000r;0 r;+Ary
000000000000000000,0000 40000000+000000000000000000 4,k0



exp[-8 (U,— U, )]

Monte Carlo Step
® L
® Always
Accept
®
®
®

FIG. 1: Schematic diagram of MC step and the Metropolis routine
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IV. GRAND CANONICAL METROPOLIS SAMPLING

00000000000000000000000,00000000000000000000000000000
O000..VI-MCOOOOOODOODOOOOO x00000000.00MCOOD,00000000000,0
0D0000000000000000000,0000000.0000000000000000000000000
000000000.0000000000000000000000000000.

0000000000000,00000000 w(s¥)0000000000000,w(xrN)0000000,000
D0000000000O00OoO.

0000000000000 NO3NODOO00O0 (¢WM)000000000.0040000 k000000 PO
0000000000.00040000,00NOOODOOOOOOO,0000000 (¢M)00O000000.00
000000000000000 U(N)=U;(rN)0000

000000000000,0000 P,000000000000000000 Py/Py=wk/w;0000. 000
0000,00000000000,000000000,000000 00000000300 (ac)000000.
DOoooooOo 10000,

()0000 10000000.

00i0NOODOOOOOODDOOOO,0000000000 1y 0000100000.00 (N+1)0000
000000000000000U,(N+1)000000000 000.0000000000

N4y _ L v
we(s™ ) = (N T )IASN D exp[—BUL(N + 1) + Bu(N + 1)] (68)
gooooo.ooboboboooooooooa
Pi, w S]\HF1 \%4
s _ ol ) 2 exp{Bu — BIULN +1) — UV} (69)

Py w(sM) (N+1)A

000.0000000000000000000000000000.
()O0DODOO 10000000.



000 NOOOUOOD 100000000000000.0000000N-1,00000000000 Uk(N-1)
OO00o00O0 k000.0000000DO0OO0

N-1 1 vt
w5 ) = 2 ey Pl AUL = 1)+ (N = 1) (10)
gooooo.cogoo
P; N-1 NA3
F = e = S el = UL — 1) - )] ()

ooooooooooboon.
(gOO00O0OO0. 000 NUOOODOOOOUOOOOO 100000000000O000OD0ODO0OO0UOOOO0OOOO
0000 £ 000000000000 Ux(N)ODOO.

P = et = exp{=BIUL(N) ~ U(N))] ()

goooobobobboooag.

ndO0000000 000,00 30000000

(a) 000 ¢

(b)ODOD ¢

()OO0 (1—2q)

00000.00000 ()0 (bh)DO0OU000O0O0000000000UO0O00 ¢gUO0O00O0.0000UOD0O0¢O
00 [0,)00000000

¢ < min[l, P/ Pyl (73)

00o0oo,00k0 (n+1)000000000,000000000+00D0000O0O.

A. Electrolyte solution

gooooooooooOoOoOoOoOoOoOOO0. 00 AB, 00000000z, 0000, 000000 AD0,O
0OZ . 000»_ 000000 BOOOOOODOO.DO0O0OODOOD ebO0DbO,000020000000000.0
ooooooboooooon

An+ + Bn_ — n_,.A + n_B, n+Z+ + n_Z_ = O (74)

oooooooo,0o00000000o00o0000, 000 n, OO00D0 AD_OD0OOOO BOOOOOO n(=
ny+n_)000000000000000CO. 000000000000 w0 ABOOODOODOODOOOOO py,p—
oood

=iy o pi (75)

oooooo.
00000000040000,00A000N,00BOOON_00000,000000000000 U;(N)=
U(e¥+,rN-) (N=N, +N_)00D00000000,00:000000,

11 VN
V) = E N IN_ 1 23N 3N exp[—BUi(N) + BNy + BN_p_]dr™ (76)
2 NLIN_LANp®

gooooa.
Joguguoboboobbooooooooobog.
(a)DDDDDDDD.
oooUooo ko000 (Ny+n)000000OO0 (N-+4n_)000000000OO0.0O00OO0OOO
ny! n_! Yy N+n
(N++77/+)!(Nf+’I7,,)IA3_(N++”+)A3_(N—+“—)

sty = exp[—BUk(N 4+ n) + Bu+ (N+ +ny) + Bp— (N- + n_)]

(1| —

wi(

(77)



0000n ! 000000000 R, 0000000000000 OOOOO0O0OOOO0OO0O000000

P _ wi(s™)
P]m' n wi(sN)
N, IN_! vn
= X — BlUr(N +n) — U (N
(Vo e IV )] a0 o P = BT ) = i)
N,IN_!

= N T T P8k — BTN 4 1) — Ui)] + [V /(AT AT )]y (78)

(hyoooooooo.
000000 A0000000 (Ny—-n,)0,00000 (N_-n_)000000,0000000

Nemy 1 ny! n_! YN N N N
wk(s )7E(N+_n+)!(Nf_n7>!A:j_(N+_n+)Ai(N__n_) eXp[*ﬁUk( *”)Jrﬁlhr( +*’ﬂ+)+ﬂ,u_( _+TL(_)])
79
000000.0000000000000000000000
P _ wk(SN_n)
P wi(sM)
NLIN_! AZ AR
=W 7n++)!(N_ S *Vn exp{—Bu — BUk(N —n) — U;(N)]}
N,IN_! ny o 3n_
= +  exp{—Bu — BUK(N —n) — Uy(N)] = In[V" /(AT A7 )]} (80)

Ny =)l (N- —n_)

gooooao.
(cgODOODOOO.
oo;000000000O0O0C0O0O00010DDO,00000DOOO0OO0000OODDOOOO0OOOOODOD KOO
gbooobooboo.ocobooboboooboobon.

P
Py

= exp{—B[Ux(N) — Us(N)[} (81)



