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Figure 1: normal coordinate, projection, inner product
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Figure 2: Examples of Fourier series
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Figure 3: FT of Gaussian wave-packet
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Figure 5: Contour to calculate [ e%*/z
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Figure 6: step function 0(x — xg)
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Figure 7: contour to calculate 6(z — zg),z > zo(left) and 0(z — ),z < zo(right) from (k)
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if €(r) is position-indepedent
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4 Fourier transform of the periodic system

The structure of all crystal can be described in terms of lattice with a group of atoms attached to
every lattice point. The group of atoms is called the basis.

crystal structure = lattice{R} + basis{7} (50)
A lattice translation vector can be described by the primitive cell vectors
R = nia; + noas + nsag (51)

Any function f invariant under a lattice translation R may be expanded in a Fourier series of the
form

f(r) = Z f(G)exp(iG - r) (52)
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If we define the reciprocal lattice(i¥it%¥-)

a; - bj = 27[‘5@' (60)
The primitive translation vectors of the reciprocal lattice are
b, = op_ 22X33 by = op_ 23 XA by = op_ 21 X32 (61)
aj] -ag X ag aj] -ag X asg aj] -ag X asg
Here ay, as, ag are the primitive translation vectors of the crystal lattice.
A reciprocal lattice vector has the form

G = hbi + kbs + [bs, (62)

where h, k, [ are integers or zero. This equation satisfies exp(iG - R) = 1.

If we consider a;/h,as/k,a3/l plane (hkl Miller index: 2 7 —#5%X), the reciprocal lattice vector
G = hby + kbg 4 [bg is perpendicular to this plane. The distance between the two adjacent parallel
planes of the lattice is d(hkl) = 27/|Gppl. *

Lproof: An arbitary vector t in the (hkl) plane can be described
t =a(ai/h —az/k) + B(az/k — as/l) (63)
The inner product

Gui -t = 2ra(h/h—k/k)+2rB(k/k — 1)1)
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5 Electrostatic Potential

The Poisson equation is given in the SI unit

if €(r) is position-indepedent
2 _ plr)
~V%(r) =< (67)

The Fourier transform of the above equation becomes ¢ and p is
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G/
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HG) = e0eG? (70)

Then we will back-Fourier transform of the rhs of the above equation, we can get ¢(r)
In the 3-d FFT program f(G) = ﬁ [ drf(r)e *GT is forward transformation and f(r) =
Y f(G)exp(iG - r) is backward transformation.

6 Electrostatic Free Energy

Faa = 3 [ drp@)o) + [ dro()ve(r) ()

S A G)+ 0% 5" (G) Vo (72)

divD = p, GD:eoe( JE(r), E:—graokp() (73)

V- vom) = L (74)
;,)(G”)exp(i(;”-r) = —¢V- Z ) exp(iG. - rv§¢ )exp(iG' - r) (75)
= 0 (64)

Thereby Gy, is perpendicular to the (hkl) plane. If we define the vector d is the one from the origin to the intersection
of (hkl) plane and the vector G

Gt
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|G (hkl)
Ghil
Gl . d(hkl)
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G .
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h
27
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2D-case :MPA on Au(111)
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Figure 8: (left) Critical sampling of a cosine wave is two sample points per cycle. (peak to peak).
Nyquist critical wavelength is 2A;. (right) DFT mesh
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8.2 2D FFT: example
JAIRNCAE A 72 577 A8z 2 RIGFFT § 568122587,

fly) = > Arexp[—{(z —x1)* + (y — y1)*} /0]
I

A; = 255, o=5, L,=L,=512
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W C DRy ABIBUIIADS %, BRI, BN A#ED 7 — ) 228U h 7 ABIBOWE D
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original 5 E(B-600-135min—11.bmp) n m e
. 1430m X 164nm T4 For FFT cal. 2" x 2™ size bmp

file is required.
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Original For 2D FFT calculation
B-600-135min-11.bmp B-600-135min-11_512x512.bmp
(541x621 image) (512x512 image)



| F(k) | FFT image
max is normalized by 1/500 of the peak value
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Inverse FFT Imae(k)—>f( r)
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Inverse FT from the FT image we can get the almost same image
as original one. So our FFT calculation may be right.
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Gaussian peak with A, = L
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Koy =2/ A =4m /L
1p|xcel 2Tr/L

Real space f (r) |F(k)|

Gaussian peak with A, =L /2
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Key =21/ A, =6m/L
1 plxcel 2Tr / L

|F(k)]

Real space f (r)
Gaussian peak with A, =L /3
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1 plxcel 2Tr / L

|F(k)]

Real space f (r)
Gaussian peak with A, =L /4
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1 plxcel 2Tr / L

|F(k)]

Real space f (r)
Gaussian peak with A, =L /5
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Real space f (r)
Gaussian peak with A, =L /8
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Real space f (r) |F(k)| 1p|xcel 21T/L

Gaussian peak with A, , =L /10




Real space f (r) IF(k)| Key =21/ A, =40/ L

Gaussian peak with A, = L /20 1 p|XC9| 21T / L




Ky =21/ A, =601/ L
1p|xcel 2Tr/L

|F(k)]

Real space f (r)
Gaussian peak with A, , = L /30




The other example
original FFT

FFT by our code IFFT in our code



